A classification of flag-transitive block designs by Alavi, Seyed Hassan et al.
ar
X
iv
:1
91
1.
06
17
5v
1 
 [m
ath
.G
R]
  1
3 N
ov
 20
19
A CLASSIFICATION OF FLAG-TRANSITIVE BLOCK DESIGNS
SEYED HASSAN ALAVI, ASHRAF DANESHKHAH, AND FATEMEH MOUSELI
Abstract. In this article, we investigate 2-(v, k, λ) designs with gcd(r, λ) = 1 admitting
flag-transitive automorphism groups G. We prove that if G is an almost simple group,
then such a design belongs to one of the six infinite families of 2-designs or it is one of
the thirteenth well-known examples. We describe all these examples of designs. We, in
particular, prove that if D is a symmetric (v, k, λ) design with gcd(k, λ) = 1 admitting
a flag-transitive automorphism group G, then either G 6 AΓL1(q) for some odd prime
power q, or D is a projective space or the unique Hadamard design with parameters
(11, 5, 2).
1. Introduction
A 2-(v, k, λ) design D is a pair (P,B) with a set P of v points and a set B of b blocks
such that each block is a k-subset of P and each two distinct points are contained in λ
blocks. The replication number r of D is the number of blocks incident with a given point.
A symmetric design is a 2-design with the same number of points and blocks, that is to
say, v = b. An automorphism of D is a permutation on P which maps blocks to blocks
and preserving the incidence. The full automorphism group Aut(D) of D is the group
consisting of all automorphisms of D. A flag of D is a point-block pair (α,B) such that
α ∈ B. For G 6 Aut(D), G is called flag-transitive if G acts transitively on the set of
flags. The group G is said to be point-primitive if G acts primitively on P. A group G
is said to be almost simple with socle X if X E G 6 Aut(X), where X is a nonabelian
simple group. Further definitions and notation can be found in Subsection 1.2 below.
The main aim of this paper is to study 2-designs with flag-transitive automorphism
groups. In 1988, Zieschang [55] proved that if an automorphism group G of a 2-design
with gcd(r, λ) = 1 is flag-transitive, then G is a point-primitive group of almost simple
or affine type. Such designs admitting an almost simple automorphism group with socle
being an alternating group, a sporadic simple group, a projective special unitary group or
a finite simple exceptional group have been studied in [2, 5, 46, 47, 53, 54]. The present
paper is devoted to determining all possible 2-designs with gcd(r, λ) = 1 admitting a flag-
transitive almost simple automorphism group G with socle X being a nonabelian finite
simple group. The examples of such designs are given in Section 2, and our main result is
Theorem 1.1 below:
Theorem 1.1. Let D be a nontrivial 2-(v, k, λ) design with r is coprime to λ, and
let α be a point of D. If G is a flag-transitive automorphism group of D with so-
cle X being a nonabelian finite simple group and H = Gα, then X = PSLn(q) and
H ∩ X ∼= [ˆqn−1]:SLn−1(q)·(q − 1) is a parabolic subgroup with n > 3 and D is a 2-
design with v = (qn − 1)/(q − 1) and r dividing (qn − q)/(q − 1), or D and G are as in
Examples 2.2-2.7.
Symmetric designs admitting flag-transitive automorphism groups are of most inter-
est. A classification of such designs with 2-transitive automorphism groups is obtained
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by Kantor [23]. Also he [25] significantly classified flag-transitive symmetric (v, k, 1) de-
signs (projective planes) of order n and showed that either D is a Desarguesian projective
plane and PSL3(n) E G, or G is a sharply flag-transitive Frobenius group of odd order
(n2 + n + 1)(n + 1), where n is even and n2 + n + 1 is prime. Regueiro gave a com-
plete classification of biplanes (λ = 2) with flag-transitive automorphism groups apart
from those admitting a 1-dimensional affine group [40, 41, 42, 43]. Zhou and Dong stud-
ied nontrivial symmetric (v, k, 3) designs (triplanes) and proved that if D is a nontrivial
symmetric (v, k, 3) design with a flag-transitive and point-primitive automorphism group
G, then D has parameters (11, 6, 3), (15, 7, 3), (45, 12, 3) or G is a subgroup of AΓL1(q)
where q = pm with p > 5 prime [21, 49, 50, 51, 52]. For larger λ, when gcd(k, λ) = 1,
symmetric designs admitting a flag-transitive almost simple automorphism group whose
socle is an alternating group, a sporadic simple group, a projective special unitary group
or a finite simple exceptional group have been studied in [2, 5, 46, 54]. Biliotti and Mon-
tinaro [12] studied the affine type automorphism groups G of symmetric designs with
gcd(k, λ) = 1, and proved that G 6 AΓL1(q), for some odd prime power q. Therefore, as
a main consequence of Theorem 1.1, excluding flag-transitive 1-dimensional affine auto-
morphism groups, we prove that projective spaces and the unique Hadamard design with
parameters (11, 5, 2) are the only examples of nontrivial symmetric (v, k, λ) designs with
gcd(k, λ) = 1 admitting a flag-transitive automorphism group:
Corollary 1.2. Let D be a nontrivial symmetric (v, k, λ) design with gcd(k, λ) = 1 admit-
ting a flag-transitive automorphism group G, then either v = pd is odd and G 6 AΓL1(p
d)
is point-primitive and block-primitive, or D is a projective space PGn−1(q) as in Exam-
ple 2.1 or the unique Hadamard design with parameters (11, 5, 2) as in line 6 of Table 1.
These results suggest the following problem to complete the classification of 2-designs
with gcd(r, λ) = 1 admitting a flag-transitive automorphism group:
Problem 1.3. Study nonsymmetric 2-(v, k, λ) design with gcd(r, λ) = 1 admitting a
flag-transitive and point-primitive automorphism group of affine type.
To our knowledge, a design with the same parameters as a projective space is not
necessarily a projective space. Therefore, Theorem 1.1 also suggests further study on
the first possible case in which X = PSLn(q) and v = (q
n − 1)/(q − 1), and ask further
investigation on possible classification of these types of designs.
1.1. Outline of the proofs. In order to prove Theorem 1.1 and Corollary 1.2 in Section 4,
we observe that the group G is point-primitive [55], or equivalently, the point-stabiliser
H = Gα is maximal in G. Moreover, we only need to focus on the case where X is a
nonabelian finite simple classical group but not a projective special unitary group [2, 5,
46, 47, 53, 54]. By Aschbacher’s Theorem [8], the maximal subgroup H belongs to one
of the eight geometric families Ci (i = 1, . . . , 8) of subgroups of G, or it is in the family
S of almost simple subgroups with some irreducibility conditions. We then obtain the
subgroups H satisfying |H ∩X|p < |Out(X)| in Lemma 3.13, and together with the list of
large maximal subgroups of almost simple groups satisfying |X| 6 |H ∩X|3 recorded in
[7], we obtain possible candidates for subgroups H. We then analyse these possible cases
and prove the main results. In particular, we use detailed information of the subdegrees of
the primitive actions of finite simple classical groups. We note here that for computational
arguments, we use the software GAP [22].
1.2. Definitions and notation. All groups and incidence structures in this paper are
finite. Symmetric and alternating groups on n letters are denoted by Sn and An, respec-
tively. We write “n” for the cyclic group of order n. For finite simple groups of Lie type,
we adopt the standard notation as in [17], and in particular, we use the following notation
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to denote the finite simple classical groups:
PSLn(q), for n > 2 and (n, q) 6= (2, 2), (2, 3),
PSUn(q), for n > 3 and (n, q) 6= (3, 2),
PSp2m(q), for n = 2m > 4 and (m, q) 6= (2, 2),
PΩ2m+1(q), for n = 2m+ 1 > 7 and q odd,
PΩ±2m(q), for n = 2m > 8.
In this manner, the only repetitions are
PSL2(4) ∼= PSL2(5) ∼= A5, PSL2(7) ∼= PSL3(2), PSL2(9) ∼= A6,
PSL4(2) ∼= A8, PSp4(3) ∼= PSU4(2).
Recall that a 2-design D with parameters (v, k, λ) is a pair (P,B), where P is a set of
v points and B is a set of b blocks such that each block is a k-subset of P and each two
distinct points are contained in λ blocks. We say that D is nontrivial if 2 < k < v − 1.
If b = v, or equivalently r = k, the design D is called a symmetric design, otherwise it
is called nonsymmetric, where the replication number r is the number of blocks incident
with a given point. For a nonsymmetric design, we always have b > v and r > k. Further
notation and definitions in both design theory and group theory are standard and can be
found, for example, in [17, 20, 28, 33].
2. Examples
In this section, we provide some examples of 2-designs with gcd(r, λ) = 1 admitting a
flag-transitive automorphism almost simple group with socle X. The 2-designs in Exam-
ple 2.1-2.5 arose naturally in the study of linear spaces [15, 26, 44], Examples 2.5 and 2.6
appear in [2] when the socle X of G is a finite simple exceptional group, and the 2-designs
in Example 2.7 are obtained in [5, 46, 47, 53, 54]. We note here that the examples of
symmetric designs occur only in Examples 2.1 and 2.7.
Example 2.1. The projective spaces PGn−1(q) with parameters ((q
n−1)/(q−1), (qn−1−
1)/(q−1), (qn−2−1)/(q−1)) for n > 3 is a well-known example of flag-transitive symmetric
designs. Any group G with PSLn(q) 6 G 6 PΓLn(q) acts flag-transitively on PGn−1(q).
If n = 3, then we have the Desargusian plane with parameters (q2 + q + 1, q + 1, 1) which
is a projective plane. We remark that there is one additional example with G = A7 on
D = PG3(2), see [15, 26].
Example 2.2 (Witt-Bose-Shrikhande spaces). This space is a 2-design with parameters
(2a−1(2a − 1), 2a−1, 1) which can be defined from the group PSL2(q) with q = 2a for
a > 3 [15]. In this incidence structure which is denoted by W(q), the points are the
dihedral subgroups of PSL2(q) of order 2(q+1), the blocks are the involutions of PSL2(q),
and a point is incident with a block precisely when the dihedral subgroup contains the
involution. An almost simple group G with socle X = PSL2(q) acts flag-transitively on
Witt-Bose-Shrikhande space. Moreover, this space is not a symmetric design.
Example 2.3 (Hermitian unitals). The Hermitian unital with parameters (q3+1, q+1, 1)
is a well-known example of flag-transitive 2-designs [24]. Let V be a three-dimensional
vector space over the field Fq2 with a non-degenerate Hermitian form. The Hermitian
unital is an incidence structure whose points are q3+1 totally isotropic 1-spaces in V , the
blocks are the sets of q − 1 points lying in a non-degenerate 2-space, and the incidence
is given by inclusion. This structure is not symmetric and any group G with PSU3(q) 6
G 6 PGU3(q) acts flag-transitively on Hermitian unital design.
4 S.H. ALAVI, A. DANESHKHAH, AND F. MOUSELI
Table 1. Some nontrivial flag-transitive 2-design D with a flag (α,B)
satisfying gcd(r, λ) = 1.
Line v b r k λ G Gα GB Aut(D) Designs/Base block References
1 6 10 5 3 2 PSL2(5) D10 S3 PSL2(5) {1, 2, 3} [16, 48, 53]
2 7 7 3 3 1 PSL2(7) S4 S4 PSL2(7) PG2(2) [1, 16, 23, 41]
3 8 14 7 4 3 PSL2(7) 7:3 A4 23:PSL2(7) {1, 2, 3, 5} [5]
4 28 36 9 7 2 PSL2(8) D18 D14 PSL2(8):3 {1, 6, 12, 13, 14, 24, 28} [16, 48]
5 10 15 9 6 5 PSL2(9) 32:4 S4 S6 {1, 2, 3, 4, 5, 6} [1, 16, 48, 53]
6 11 11 5 5 2 PSL2(11) PSL2(5) PSL2(5) PSL2(11) Hadamard [1, 16, 23, 41]
7 12 22 11 6 5 M11 PSL2(11) A6 M11 {1, 2, 3, 4, 11, 12} [47]
8 22 77 21 6 5 M22 PSL3(4) 24:A6 M22 {1, 2, 3, 4, 7, 18} [47]
9 22 77 21 6 5 M22:2 PSL3(4):2 24:S6 M22:2 {1, 2, 3, 4, 7, 18} [47]
10 10 15 9 6 5 S6 S23:2 S4×2 S6 {1, 2, 3, 4, 5, 6} [1, 16, 48, 53]
11 15 35 7 3 1 A7 PSL2(7) (3 ×A4):2 A7 {1, 4, 5} [16, 23, 53]
12 15 15 7 7 3 A7 PSL2(7) PSL2(7) A7 PG3(2) [16, 54]
13 15 35 7 3 1 A8 23:PSL3(2) A24:2:2 A8 {1, 4, 5} [16, 53]
Example 2.4 (Ree unitals). The Ree Unital spaces UR(q) are first discovered by Lu¨neburg
[39], and these examples arose from studying flag-transitive linear spaces [24, 30]. This
disign has parameters (q3 + 1, q + 1, 1) with q = 3a > 27. The points and blocks of
UR(q) are the Sylow 3-subgroups and the involutions of
2G2(q), respectively, and a point
is incident with a block if the block normalizes the point. This incidence structure is a
linear space and any group with 2G2(q) 6 G 6 Aut(
2G2(q)) acts flag-transitively. This
design is not symmetric. Note for q = 3 that the Ree Unital UR(3) is isomorphic to the
Witt-Bose-Shrikhande space W(8) as 2G2(3)
′ is isomorphic to PSL2(8).
Example 2.5 (Ree designs). Suppose that G is an almost simple group with socle X =
2G2(q) for q = 2
a and a > 3 odd. Let H, K1 and K2 be subgroups of G such that
H ∩X ∼= q3:(q − 1), K1 ∩X = 2×PSL2(q) and K2 ∩X ∼= q:(q − 1). The coset geometries
(X,H ∩X,Ki ∩X) gives rise to the 2-designs with parameters v = q3 + 1, b = q(q3 + 1),
r = q3, k = qi and λ = qi − 1, for i = 1, 2. Since G is 2-transitive on the points set of
this structure and gcd(r, λ) = 1, X is flag-transitive [18, 2.3.8]. Note that H ∩Ki ∩X is a
cyclic group of order q− 1. Let Bi be an orbit of Ki ∩X of length k = qi with i = 1, 2. If
P = {1, . . . , v}, then since X is 2-transitive, [11, Proposition 4.6] gives rise to a 2-design
Di = (P, BXi ) with parameters (q3 + 1, qi, qi − 1), for i = 1, 2, which is not symmetric,
and the group G is flag-transitive on Di. For q = 27, in [2, Table 1], we introduced base
blocks for these type of designs.
Example 2.6 (Suzuki designs). Suppose that G is an almost simple group with socle
X = 2B2(q) for q = 2
a and a > 3 odd. Let H and K be subgroups of G such that
H ∩X ∼= q2:(q − 1) and K ∩X ∼= q:(q − 1). The coset geometry (X,H ∩X,K ∩X) is a
2-design with parameters v = q2 + 1, b = q(q2 + 1), r = q2, k = q and λ = q − 1, see [2].
By [18, 2.3.8], X is flag-transitive. If P = {1, . . . , v} and B is an orbit of K ∩X of length
k = q, then by [10, Proposition 4.6], (P, BX ) is a 2-design with parameters (q2+1, q, q−1)
which is not symmetric. For q ∈ {8, 32}, we construct these type of designs with explicit
base blocks in [2, Table 1].
Example 2.7. The design D = (P,B) with parameters (v, k, λ) listed in Table 1 is the
unique design with flag-transitive automorphism group G as in the seventh column of
Table 1. The base block, point-stabiliser and block-stabiliser of D are also given in the
same table with appropriate references in the last column. The base blocks for the designs
in lines 2, 6 and 12 are {1, 2, 3}, {1, 2, 3, 5, 11} and {1, 2, 3, 8, 9, 10, 11}, respectively. We
note here that the designs in line 2 is the well-known projective plane, namely Fano plane,
and the design in line 12 is viewed as a projective space, see Example 2.1.
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3. Preliminaries
In this section, we state some useful facts in both design theory and group theory.
Lemma 3.1 below is an elementary result on subgroups of almost simple groups.
Lemma 3.1. [3, Lemma 2.2] Let G be an almost simple group with socle X, and let H be
maximal in G not containing X. Then G = HX and |H| divides |Out(X)|·|H ∩X|.
Lemma 3.2. (Tits’ Lemma [45, 1.6]) If X is a simple group of Lie type in characteristic
p, then any proper subgroup of index prime to p is contained in a parabolic subgroup of X.
If a group G acts on a set P and α ∈ P, the subdegrees of G are the size of orbits of the
action of the point-stabiliser Gα on P.
Lemma 3.3. [38, 3.9] If X is a group of Lie type in characteristic p, acting on the set
of cosets of a maximal parabolic subgroup, and X is neither PSLn(q), PΩ
+
n (q) (with n/2
odd), nor E6(q), then there is a unique subdegree which is a power of p.
Remark 3.4. We remark that even in the cases excluded in Lemma 3.3, many of the
maximal parabolic subgroups still have the property as asserted, see proof of [44, Lemma
2.6].
Lemma 3.5. [37] If X is a simple group of Lie type in odd characteristic, and X is neither
PSLn(q), nor E6(q), then the index of any parabolic subgroup is even.
Lemma 3.6. [36, Propositions 1 and 2] and [44, Sections 3-7] Let G be an almost simple
group with socle X being a finite classical simple group of Lie type with dimension at least
three. Suppose that H is a maximal subgroup of G not containing X. Then the action of
G on the cosets of H has subdegrees dividing the numbers d listed in the fourth column of
Table 2.
Lemma 3.7. [53, Lemmas 5 and 6] Let D be a 2-design with r is coprime to λ, and let G
be a flag-transitive automorphism group of D. If α is a point in P and H = Gα, then
(a) r(k − 1) = λ(v − 1). In particular, if gcd(r, λ) = 1, then r divides v − 1 and
gcd(r, v) = 1;
(b) vr = bk;
(c) r divides |H|, and λv < r2;
(d) r divides all nontrivial subdegrees d of G.
Lemma 3.8. [18, 2.2.5] and [16, Theorem II 6.27] Let D be a 2-design with parameters
(v, k, λ) design with λ 6 2. If D satisfies r = k + λ, then D is embeddable in a symmetric
(v + k + λ, k + λ, λ) design.
For a given positive integer n and a prime divisor p of n, we denote the p-part of n by
np, that is to say, np = p
t with pt | n but pt+1 ∤ n.
Corollary 3.9. [4, Corollary 2.1] Let D be a flag-transitive 2-design with automorphism
group G. Then |G| 6 |Gα|3, where α is a point in D.
Corollary 3.10. Suppose that D is a 2-design with gcd(r, λ) = 1 admitting a flag-
transitive, point-primitive almost simple automorphism group G with simple socle X of
Lie type in characteristic p, and the stabilizer H = Gα is not a parabolic subgroup of G.
Then |G| < |H| · |H|2p′, and hence |X| < |Out(X)|2p′ · |H ∩X| · |H ∩X|2p′ .
Proof. We know by Lemma 3.2 that p divides v = |G : H|, and so gcd(p, v − 1) = 1.
Lemma 3.7(a) implies that r divides v − 1. Thus gcd(r, p) = 1, and since r divides |H|,
r 6 |H|p′ . Therefore, v < r2 implies that |G : H| < |H|2p′ , or equivalently, |G| < |H|·|H|2p′ .
Moreover, since |G : H| = |X : H ∩ X| and |H| 6 |Out(X)|·|H ∩ X|, the inequality
|G : H| < |H|2p′ yields |X| < |Out(X)|2p′ ·|H ∩X|·|H ∩X|2p′ . 
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Table 2. Some subdegrees of finite simple classical groups.
Class X Type of H d Conditions
C1 PSLn(q) Pi q(qi − 1)(qn−i − 1)/(q − 1)2 1 < i 6 n/2, n > 2
C1 PSLn(q) Pi q9(q4 − 1)/(q − 1) i = 3, n = 7
C1 PSLn(q) Pi q(q + 1)(qn−2 − 1)/(q − 1) i = 2, n > 4
q4(qn−2 − 1)(qn−3 − 1)/(q2 − 1)(q − 1) i = 2, n > 4
C1 PSLn(q) GLi(q)
⊕
GLn−i(q) q
n−2(qn−1 − 1)/(q − 1) i = 1, n > 2
C2 PSLn(q) GLm(q) ≀ St 2n(n− 1)(q − 1) n = mt, m = 1, n > 2
C2 PSLn(q) GLm(q) ≀ St t(t− 1)(qm − 1)2/(q − 1) n = mt, m > 1, n > 2
C3 PSLn(q) GLm(qt) (qn − 1)(qn−2 − 1) t = 2, n = 2m > 8
C5 PSLn(q) GLn(q0) (qn0 − 1)(qn−10 − 1) q = q20, n > 5
C8 PSLn(q) Spn(q) (qn − 1)(qn−2 − 1) n even, n > 8
C8 PSLn(q) GUn(q0) (qn0 − (−1)n)(qn−10 − (−1)n−1) q = q20, n > 4
C2 PSp2m(q) Sp2i(q) ≀ St t(t− 1)(q2i − 1)2/2(q − 1) m = it, m > 2
C2 PSp4(q) Sp2(q) ≀ S2 (q2 − 1)(q + 1) q odd
q(q2 − 1)/2 q odd
q(q2 − 1)(q − 3)/2 q odd
(q2 − 1)(q + 1) q even
q(q2 − 1)(q − 2)/2 q even
C3 PSp2m(q) Sp2i(qt) a(q4i − 1) m = it > 2, t = 2
C3 PSp4(q) Sp2(q2) (q2 + 1)(q − 1) q odd
q(q2 + 1)/2 q odd
q(q2 + 1)(q − 3)/2 q odd
(q2 + 1)(q − 1) q even
q(q2 + 1)(q − 2)/2 q even
C8 PSp2m(q) GOǫ2m(q) (qm − ǫ)(qm−1 + ǫ) q even, m > 3, ǫ = ±
(qm−1)(qm − ǫ)(q − 2)/2 q even, m > 3, ǫ = ±
C1 PΩ+2m(q) Pm q(q2 + 1)(q5 − 1)/(q − 1) m = 5
q6(q5 − 1)/(q − 1) m = 5
C1 PΩ2m+1(q) N δ1 (qm − δ)(qm + δ) m > 3, δ = ±, q odd
qm−1(qm − δ)/2 m > 3, δ = ±, q odd
qm−1(qm − δ)(q − 3)/2 m > 3, δ = ±, q odd
C1 PΩǫ2m(q) N1 q2m−2 − 1 m > 4, q ≡ 1 (mod 4)
qm−1(qm−1 + ǫ)/2 m > 4, q ≡ 1 (mod 4)
qm−1(qm−1 − ǫ)(q − 1)/4 m > 4, q ≡ 1 (mod 4)
qm−1(qm−1 + ǫ)(q − 5)/4 m > 4, q ≡ 1 (mod 4)
q2m−2 − 1 m > 4, q ≡ 3 (mod 4)
qm−1(qm−1 − ǫ)/2 m > 4, q ≡ 3 (mod 4)
qm−1(qm−1 − ǫ)(q − 3)/4 m > 4, q ≡ 3 (mod 4)
qm−1(qm−1 + ǫ)(q − 3)/4 m > 4, q ≡ 3 (mod 4)
q2m−2 − 1 m > 4, q even
qm(qm−1 − ǫ)/2 m > 4, q even
qm−1(qm−1 + ǫ)(q − 2)/2 m > 4, q even
C1 PΩǫ2m(q) N δ2 a2′(q − δ)(qm−1 − ǫδ) m > 4, q even
C1 PΩǫ2m(q) N δi a2′(qi/2 − δ)(q(i−2)/2 + δ)(q(n−i)/2 + δ′) m > 4, q even, 2 < i 6 m
·(q(n−i−2)/2 + δ′) i even, δ′ = −ǫδ,
C2 PΩ+2m(q) GLm(q)·2 a(qm − 1)(qm−1 − 1) m > 5
C3 PΩǫ2m(q) GUm(q) a(qm − (−1)m)(qm−1 − (−1)m−1) m > 5, ǫ = (−1)m, q even
C5 PΩ+2m(q) GOǫ
′
2m(q0) ac gcd(4, q
m − 1) · (qm0 − ǫ′)(qm−10 + ǫ′) m > 4, ǫ′ = ±, q = q20,
(m, c) = (4, 6) or c = 2
Proposition 3.11. Let D be a 2-design with gcd(r, λ) = 1 admitting a flag-transitive
automorphism group G. Then G is point-primitive of almost simple or affine type.
Proof. Since r is coprime to λ, it follows from [18, 2.3.7(a)] that G is point-primitive. We
now apply [55, Theorem] and conclude that G is of almost simple or affine type. 
Lemma 3.12. [4, Corollary 2.5] Suppose that D is a 2-design with gcd(r, λ) = 1. Let G be
a flag-transitive automorphism group of D with simple socle X of Lie type in characteristic
p. If the point-stabiliser H = Gα contains a normal quasi-simple subgroup K of Lie type in
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Table 3. The geometric subgroup collections.
Class Rough description
C1 Stabilisers of subspaces of V
C2 Stabilisers of decompositions V =
⊕
t
i=1 Vi, where dimVi = a
C3 Stabilisers of prime index extension fields of F
C4 Stabilisers of decompositions V = V1 ⊗ V2
C5 Stabilisers of prime index subfields of F
C6 Normalisers of symplectic-type r-groups in absolutely irreducible representations
C7 Stabilisers of decompositions V =
⊗
t
i=1
Vi, where dimVi = a
C8 Stabilisers of non-degenerate forms on V
characteristic p and p does not divide |Z(K)|, then either p divides r, or KB is contained
in a parabolic subgroup P of K and r is divisible by |K : P |.
The maximal subgroups of classical groups have been determined in Aschbacher’s The-
orem [8] which says that such a maximal subgroup H lies in one of the eight geometric
families Ci of subgroups of G, or it is in the family S of almost simple subgroups with
some irreducibility conditions. We follow the description of these subgroups as in [27]. A
rough description of the Ci families is given in Table 3. In what follows, if H belongs to
the family Ci, for some i, then we sometimes say that H is a Ci-subgroup. We also denote
by Hˆ the pre-image of the group H in the corresponding linear group.
Lemma 3.13. Suppose that G is an almost simple group whose socle X is a finite simple
classical group with dimension at least three. Suppose also that H is a maximal geometric
subgroup of G with H 6∈ C6 and H is not a C2-subgroup of type GO1(p) ≀ Sn when X is an
orthogonal group. If |H ∩X|p < |Out(X)|, then X is PSLn(q), PSUn(q) or PΩǫn(q), and
(a) if X = PSLn(q) with n > 3, then
(i) H is a C1-subgroup of type GL1(q)⊕GL2(q) with q = 4, 16;
(ii) H is a C2-subgroup of type GL1(q) ≀ Sn;
(iii) H is a C3-subgroup of type GL1(qn);
(iv) H is a C8-subgroup of type GO3(q) with q odd;
(v) H is a C8-subgroup of type GOǫ4(q) with q odd and ǫ = ±;
(vi) H is a C8-subgroup of type GU3(2);
(b) if X = PSUn(q) with n > 3, then
(i) H is a C1-subgroup of type GU1(q) ⊥ GU2(q) with q = 2, 5, 8;
(ii) H is a C2-subgroup of type GU1(q) ≀ Sn;
(iii) H is a C2-subgroup of type GL2(9);
(iv) H is a C3-subgroup of type GU1(qn);
(c) if X = PΩǫn(q) with ǫ ∈ {◦,+,−} and n > 8 if n is even and n > 7 if n is odd, then
H is a C2-subgroup of type GOǫ′2 (q) ≀ Sn/2 with ǫ = (ǫ′)n/2.
Proof. Part (b) follows from [5, Lemma 3.14]. Here, we prove part (a) and the proof for
the remaining finite simple classical groups is similar. In what follows, we use the same
approach as in [5, Lemma 3.14]. Note in conclusion that for X = PSpn(q) with n > 4, we
always have |H ∩X|p > |Out(X)|.
Suppose that X = PSLn(q) with n > 3 and q = p
a. Since H is a maximal geometric
subgroup inG, then by Aschbacher’s Theorem [8], the subgroupH lies in one of the families
Ci for some i = 1, . . . , 8. Let H 6∈ C6. We will analyse each of these cases separately.
(1) If H ∈ C1, then H is reducible, and H stabilises a subspace of V of dimension i with
1 6 i 6 n/2 or G contains a graph automorphism and H stabilises a pair {U,W} of
subspaces of dimension i and n− i with i < n/2.
Suppose first that H ∼= Pi for some 1 6 i 6 n/2. Then by [27, Proposition 4.1.17], |H ∩
X|p = qn(n−1)/2. Since |Out(X)| = 2a· gcd(n, q − 1), the inequality |H ∩X|p < |Out(X)|
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implies that qn(n−1)/2 < 2a· gcd(n, q − 1) < 2aq. Note that n > 3 and gcd(n, q − 1) < q.
Thus qn(n−1)−2 < 4a2, and since q > 2a, we have that q2 6 qn(n−1)−4 < 1, which is
impossible.
Suppose now that H = NG(U,W ) with dim(U) = i. If U ⊂W , then by [27, Proposition
4.1.22], we also have that |H ∩X|p = qn(n−1)/2, and so by the same argument as above,
this case cannot occur. If U ∩ W = 0, then by [27, Proposition 4.1.4], |H ∩ X|p =
q[n(n−1)−2i(n−i)]/2. Then the inequality |H ∩X|p < |Out(X)| implies that
qn(n−1)−2i(n−i) < 4 · a2 · gcd(n, q − 1)2. (3.1)
Since qn(n−2i−1) 6 qn(n−1)−2i(n−i)−2, it follows from (3.1) that qn(n−2i−1) < 4a2. If n−2i >
2, then qn < 4a2, and since q > 2a, we have that qn−2 < 1, which is impossible. Thus
n− 2i 6 1. Note that 2i < n. Then n− 2i = 1, and so q(n−1)2−4 < 16a4. This inequality
is not valid for n > 4. Therefore, n = 3 and i = (n − 1)/2 = 1, and hence H is a C1-
subgroup of type GL1(q)⊕GL2(q). We now apply (3.1) and conclude that q is 4 or 16. If
q = 4, then by [17], we have that 22 = |H ∩X|2 < |Out(X)| = 22·3, and if q = 16, then
24 = |H ∩X|2 < |Out(X)| = 23·3. These yield part (a.i) as claimed.
(2) If H ∈ C2, then H preserves a partition V = V1 ⊕ · · · ⊕ Vt with each Vi of the
same dimension, say m, and so n = mt. Here by [27, Proposition 4.2.9], we have that
H0 ∼= SˆLm(q)t·(q − 1)t−1·St with n = mt. Therefore, |H ∩ X|p > qmt(m−1)/2. Then the
inequality |H ∩ X|p < |Out(X)| implies that qmt(m−1) < 4a2· gcd(n, q − 1)2. If m > 3,
then as gcd(n, q − 1) < q, it follows that q6t−2 < qmt(m−1)−2 < 4a2, and since q > 2a,
we have q6t−4 < 1, which is impossible. If m = 2, then qt < 2a· gcd(2t, q − 1), and so
qt < 2at· gcd(2, q − 1). This inequality does not hold for any q = pa. Therefore, m = 1,
and hence H is a C2-subgroup of type GL1(q) ≀ Sn, and this is part (a.ii).
(3) If H ∈ C3, then H is an extension field subgroup. In this case by [27, Proposition
4.3.6], we have that H0 ∼= SˆLm(qt)·(qt− 1)(q− 1)−1·t with n = mt and t prime. It follows
from |H ∩ X|p < |Out(X)| that qmt(m−1)/2 < 2a· gcd(n, q − 1). Note that t > 2 and
gcd(n, q − 1) < q. If m > 2, then q2 < qmt(m−1)−2 < 4a2, which is impossible. Therefore,
m = 1, and this yields part (a.iii).
(4) If H ∈ C4, then H stabilises a tensor product of spaces of different dimensions.
Here [27, Proposition 4.4.10] implies that |H∩X|p > q(m2−m+t2−t)/2 withm > t > 1. Since
t2 − t > 2 and m > 3, the inequality |H ∩X|p < |Out(X)| yields q4 < qm(m−1)−2 < 4a2,
which is impossible.
(5) If H ∈ C5, then H is the stabiliser in G of a subfield space. Thus by [27, Proposition
4.5.3], |H∩X|p > qn(n−1)/20 with q = qt0 and t prime. Since |Out(X)| = 2a· gcd(n, qt0−1) 6
2an and n > 3, we have qn0 < q
n(n−1)/2
0 < 2a· gcd(n, qt0 − 1) 6 2an, which is impossible.
(6) If H ∈ C7, then H stabilises the tensor product of spaces of the same dimension, say
m, and so n = mt with t > 2 and m > 3. Here by [27, Proposition 4.7.3], |H ∩ X|p >
qmt(m−1)/2. Hence the inequality |H ∩X|p < |Out(X)| implies that q10 < qmt(m−1)−2 <
4a2, which is impossible.
(7) If H ∈ C8, then H is a classical group. So by [27, Propositions 4.8.3, 4.8.4 and 4.8.5],
we need to consider the following cases:
(7.1) H ∩X ∼= Sˆp2m(q)· gcd(m, q − 1) with n = 2m > 4. Then |H ∩X|p = qm
2
and the
inequality |H ∩X|p < |Out(X)| yields q3 < qm2−1 < 2a, which is impossible.
(7.2) H ∩X ∼= SˆO2m+1(q) with m > 1 and q odd. In this case again, |H ∩X|p = qm2 .
If m > 2, then q3 < 2a, which is impossible. Hence m = 1, and this follows part (a.iv).
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Table 4. Some maximal subgroups of X = PSLn(q) with small n and q.
Class X H0 v ur
C6 PSL3(7) 32.Q8 22·73·19 3
C6 PSL4(5) 24.A6 55·13·31 2
S PSL3(4) A6 23·7 5
S PSL4(7) PSU4(2) 23·5·76·19 3
(7.3) H ∩ X ∼= SˆOǫ2m(q) with m > 2, q odd and ǫ = ±. Here |H ∩ X|p = qm(m−1).
If m > 3, then the inequality |H ∩ X|p < |Out(X)| implies that q4 < qm(m−1)−2 < 4a2,
which is impossible. Thus m = 2 and this yields part (a.v).
(7.4) H ∩X ∼= SˆUn(q 12 )· gcd(n, q 12 − 1) with n > 3 and q a square. Here |H ∩X|p =
qn(n−1)/4. If n > 4, then by the inequality |H∩X|p < |Out(X)|, we have q2 < q[n(n−1)−4]/4 <
2a, which is impossible. Thus n = 3. So q3 < 4a2· gcd(3, q − 1)2. This inequality holds
only for q = 4, and then 12 = |Out(X)| > |H ∩X|2 = 23. This is part (a.vi). 
We will use the following elementary lemma in number theory.
Lemma 3.14. Let q be a prime power and n be a positive integer number. Then
(a)
∏n
i=1(q
2i − 1) < qn(n+1);
(b)
∏n
i=2(q
i − 1) < q(n2+n−2)/2.
4. Proof of the main results
In this section, we prove Theorem 1.1. Suppose that D is a nontrivial 2-design with
gcd(r, λ) = 1 and that G is an almost simple automorphism group of D whose socle X
is a finite simple classical group of Lie type. According to [44, Main Theorem], we need
only to focus on 2-designs with λ > 2 and by [2, 5, 46, 47, 53, 54], we will treat the case
where X is PSLn(q), PSpn(q) or PΩ
ǫ
n(q). Suppose now that G is flag-transitive. Then
Proposition 3.11 implies that G is point-primitive. Let H = Gα, where α is a point of D.
Therefore, H is maximal in G by [20, Corollary 1.5A], and so Lemma 3.1 implies that
v =
|X|
|H ∩X| . (4.1)
In what follows, we discuss each possibilities for X separately. We first observe that
PSL2(q) is isomorphic to PSU2(q), and hence Proposition 4.1 below follows immediately
from [1, Theorem 1.1] and [5, Proposition 4.2].
Proposition 4.1. Let D be a nontrivial 2-design with gcd(r, λ) = 1. Suppose that G is
an automorphism group of D of almost simple type with socle X = PSL2(q). If G is flag-
transitive, then D is the Witt-Bose-Shrikhande space W(2a) with parameters (2a−1(2a −
1), 2a−1, 1) for a > 3, and X is PSL2(2
a) or (v, b, r, k, λ), G and Gα are as in lines 1-6 of
Table 1.
Proposition 4.2. Let D be a nontrivial 2-design with gcd(r, λ) = 1. Suppose that G is
an automorphism group of D of almost simple type with socle X = PSLn(q) with n > 3
and (n, q) 6= (3, 2) and (4, 2). If G is flag-transitive and H = Gα with α a point of D, then
H∩X ∼= [ˆqn−1]:SLn−1(q)·(q−1) is a parabolic subgroup, v = (qn−1)/(q−1) and r divides
(qn − q)/(q − 1). In particular, if λ = 1, then D is the Desarguesian plane. Moreover, if
D is symmetric, then D is the projective space PGn−1(q).
Proof. Suppose that X = PSLn(q) with n > 3 and q = p
a. We note here that the almost
simple groups with socle PSL3(2) ∼= PSL2(7) and PSL4(2) ∼= A8 have been treated in
Proposition 4.1 and [53]. Therefore, we will exclude these cases in our arguments below.
Let now H0 = H ∩X, where H = Gα with α a point of D. Since H is maximal in G, by
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Table 5. Parameters lv and ur as in Proposition 4.2.
Class i n lv ur
C1 3 6 q9 q
C1 3 6 29 2
C1 3 7 212 2·5
C1 3 8 215 2·31
C1 3 9 218 2·3
C1 4 8 216 2
Aschbacher’s Theorem [8], H belongs to a collection Ci or S, for some i = 1, . . . , 8. If H
is neither a C6-subgroup, nor a S-subgroup, then Lemma 3.13(a) gives the list of possible
subgroups H satisfying |H0|p < |Out(X)|. On the other hand, if H is not a parabolic
subgroup satisfying |H0|p > |Out(X)|, then since |G| < |H| · |H|2p′ by Corollary 3.10, we
conclude that |X| 6 |H ∩X|3, and the possibilities for such H are recorded in [7, Theorem
7 and Proposition 4.7]. In conclusion, we have one of the following possibilities:
(1) H ∈ C1 ∪ C6 ∪ C8 ∪ S;
(2) H is a C2-subgroup of type GLm(q) ≀ St with m = 1 or t = 2, 3, where m = n/t;
(3) H is a C3-subgroup of type GLm(qt) with m = 1 or t = 2, 3, where m = n/t;
(4) H is a C5-subgroup of type GLn(q0) with q = qt0 and t = 2, 3.
In what follows, we analyse each of these possible cases.
(1) Let H be a C1-subgroup. In this case H is reducible, that is, H ∼= Pi stabilises a
subspace of V of dimension i with 1 6 i 6 n/2 or G contains a graph automorphism and
H stabilises a pair {U,W} of subspaces of dimension i and n− i with i < n/2.
(a) Suppose first that H ∼= Pi for some 1 6 i 6 n/2. Then by [27, Proposition 4.1.17], we
have that H0 ∼= [ˆqi(n−i)]:SLi(q)×SLn−i(q)·(q − 1). Thus by [31, Corollary 1], we observe
that
v =
(qn − 1) · · · (qn−i+2 − 1)(qn−i+1 − 1)
(qi − 1)(qi−1 − 1) · · · (q2 − 1)(q − 1) > q
i(n−i). (4.2)
Let H = P1. Note that the group G is 2-transitive in this action and v = (q
n− 1)/(q− 1).
Moreover, r divides v − 1 = (qn − q)/(q − 1) which is also the nontrivial subdegree of X.
In particular, if λ = 1, then D is the Desarguesian plane. Moreover, if D is symmetric,
then by [23], D is the projective space PGn−1(q).
Suppose i > 1. Then by Lemmas 3.6 and 3.7(d), we see that r divides the subdegree d
which is q(qi − 1)(qn−i − 1)/(q − 1)2. This implies that r < qn−1 if q 6= 2, and r < 2n+1
if q = 2. Since v > qi(n−i), it follows from the fact λv < r2 that i = 2 or (i, n) ∈ (3, 6) if
q 6= 2, and i = 2 or (i, n) ∈ {(3, 6), (3, 7), (3, 8), (3, 9), (4, 8)} if q = 2. Let i > 3. We now
apply Lemma 3.7(a) and (d) which says that r divides gcd(v − 1, d). Thus we can find a
lower bound lv for v as in the fourth column of Table 5 and an upper bound ur for r as in
the fifth column of Table 5, and then we easily observe that λv > lv > u
2
r > r
2, which is
a contradiction.
Therefore, i = 2. In this case, G is rank 3. If D is symmetric, then the possibilities
for D can be read off from [19], but we have no example with condition gcd(k, λ) = 1. In
what follows, we assume that D is nonsymmetric, that is to say, v < b, or equivalently,
k < r. Here v = (qn − 1)(qn−1 − 1)/(q2 − 1)(q − 1), and the nontrivial subdegrees of G
listed in Table 2. So Lemma 3.7(d) implies that r divides
q(qn−2 − 1)
(q − 1) · gcd
(
q + 1,
(qn−3 − 1)
(q2 − 1)
)
. (4.3)
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If n is even, then by (4.3), we have that
r divides
q(qn−2 − 1)
(q − 1) · gcd
(
q + 1,
(qn−4 + · · · + q + 1)
(q + 1)
)
,
and so r divides q(qn−2 − 1)· gcd((q + 1)2, (qn−4 + · · · + q + 1)/(q2 − 1). Since gcd(q +
1, qn−4+ · · ·+ q+1) = 1, r must divide q(qn−2−1)/(q2−1). We now apply Lemma 3.7(c)
and conclude that q2n−4 < v < r2 < 4q2n−6, which is impossible.
Therefore, n is odd. Here by (4.3), r divides cf(q), where c = gcd (q + 1, (n − 3)/2) and
f(q) = q(qn−2−1)/(q−1). Assume first that n = 5. Then v = (q2+1)(q4+q3+q2+q+1),
and so r = q(q2 + q + 1)/m, for some positive integer m. But the inequality λv < r2 does
not hold for λ > 2. Assume now n > 7. Let
h(q) =
qn − 1
q − 1 = q
n−1 + qn−2 + · · ·+ q + 1,
g(q) =
qn−1 − 1
q2 − 1 = q
n−3 + qn−5 + · · ·+ q2 + 1,
f1(q) =
qn−2 − 1
q − 1 = q
n−3 + qn−4 + · · ·+ q + 1
and
d(q) =
v − 1
f(q)
=
qn + q2 − q − 1
q2 − 1 = q
n−2 + qn−4 + · · ·+ q3 + q + 1. (4.4)
Thus v = g(q)·h(q) and f(q) = q · f1(q). Since r divides cf(q), there exists m such that
mr = cf(q). Hence r = cf(q)/m. Since r2 > v, it follows that
m 6 2q. (4.5)
Moreover, by Lemma 3.7(a) and (4.4), we have that
k =
mλ(v − 1)
cf(q)
+ 1 =
mλd(q) + c
c
.
Since k < r, we have that mλd(q)/c < cf(q)/m, and this yields
m2λ < c2
f(q)
d(q)
= c2
q(qn−2 − 1)(q2 − 1)
(q − 1)(qn + q2 − q − 1) = c
2 q(q
n−2 − 1)(q + 1)
qn + q2 − q − 1
<c2
q(qn−2 − 1)(q + 1)
qn
= c2
(qn−2 − 1)(q + 1)
qn−1
.
So m2λ < c2(q + 1)/q. If m > 1, then λ < c2(q + 1)/q. Note by [34],
h(q) =
qn − 1
q − 1 divides b =
vr
k
=
c2q·f1(q)·g(q)·h(q)
m(mλd+ c)
.
Therefore, mλd + c must divide mλc2q·f1(q)·g(q). We first note that q·g(q) = qn−2 +
qn−4 + · · ·+ q3 + q = d(q)− 1. From this we observe that
gcd(mλd(q) + c,mλq·g(q)) = gcd(mλd(q) + c,mλ+ c). (4.6)
We next obtain q2f1(q) = (q + 1)d(q) − 2q − 1. Then
mλq2f1(q) =mλ(q + 1)d(q) − 2mλq −mλ
=(q + 1)(mλd(q) + c)− c(q + 1)− 2mλq −mλ
=(q + 1)(mλd(q) + c)− q(2mλ+ c)−mλ− c.
Thus
gcd(mλd(q) + c,mλq2f1(q)) = gcd(mλd(q) + c, q(2mλ + c) +mλ+ c). (4.7)
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Therefore, (4.6) and (4.7) yield mλd(q)+ c divides c2(mλ+ c)[(2mλ+ c)q+mλ+ c]. Since
λ < c2(q + 1)/q and by (4.5), we have 1 6 mλ < 2c2(q + 1). Then we get
d(q) + c < c2[2c2(q + 1) + c][
(
4c2(q + 1) + c
)
q + 2c2(q + 1) + c]. (4.8)
We now apply the fact that c 6 c2 for the last inequality and so
d(q) < c6(8q3 + 26q2 + 27q + 9) = c6(q + 1)(2q + 3)(4q + 3).
From (4.4) and since q2− q− 1 > 0, we have qn/(q2− 1) < c6(q+1)(2q+3)(4q+3). Note
that q+1 < 2q, 2q+3 < 4q and 4q+3 < 6q. Then qn < c6(q2−1)(q+1)(2q+3)(4q+3) <
24·3·c6q5. Since c 6 (n−3)/2, we conclude that qn−5 < 3(n−3)6/4. This inequality holds
only when n = 7 and q 6 53, n = 9 and q 6 13, n = 11 and q 6 7, n = 13 and q 6 5,
n = 15 and q 6 4, n = 17, 19 and q 6 3, or 21 6 n 6 33 and q 6 2. But then again
applying (4.8), we obtain (n, q) = (7, q) with q = 2, 3, 5, 7, 9, 11, 13, 17, 19, 23, or (n, q) ∈
{(9, 2), (9, 5), (9, 8), (11, 3), (13, 4), (15, 2)}. These remaining cases can be easily ruled out,
as there are no parameters (v, b, r, k, λ) satisfying the conditions r(k − 1) = λ(v − 1) and
bk = vr.
(b) Suppose now that H stabilises a pair {U,W} of subspaces of dimension i and n − i
with i < n/2. Assume first that U ⊂ W . Here by Lemma 3.3, there is a subdegree
which is a power of p. On the other hand, the highest power of p dividing v − 1 is q
if p is odd, it is 2q if q > 2 is even, and it is at most 2n−1 if q = 2. Hence r2 < v,
which is a contradiction. Assume now that U ∩W = 0. Then by [27, Proposition 4.1.4],
H0 ∼= ( SˆLi(q)×SLn−i(q)):(q−1). Note by [7, Lemma 4.2 and Corollary 4.3] and (4.1) that
v > q2i(n−i). Also by Lemma 3.2, p divides v, and so r is coprime to p by Lemma 3.7(a).
If i = 1, then Lemmas 3.6 and 3.7(d) imply that r divides (qn−1 − 1)/(q − 1), whereas
gcd(r, p) = 1. Note that (qn−1 − 1)/(q − 1) < 2qn−2. Thus r < 2qn−2. We apply
Lemma 3.7(c) and deduce that q2n−2 6 λv < r2 < 4q2n−4, that is to say, q < 2, which
is impossible. Therefore i > 1. According to [44, p. 339-340], there is a subdegree of G
with the p′-part dividing (qi − 1)(qn−i − 1), and so r < 2qn. Since n > 2i, it follows that
v > q2i(n−i) > 4q2n > r2, which is a contradiction.
Let H be a C6-subgroup. Then by [27, Propositions 4.6.5 and 4.6.6] and the inequality
|G| < |H|·|H|2p′ , we need only to consider the pairs (X,H0) listed in Table 4. For each such
H0, by (4.1), we obtain v as in the fourth column of Table 4. Moreover, Lemma 3.7(a)-(c)
says that r divides gcd(|H|, v − 1), and so we can find an upper bound ur of r as in the
fifth column of Table 4. Then the inequality λv < r2 rules out these two possibilities.
Let now H be a C8-subgroup. In this case H is a classical group. Then by [27, Propo-
sitions 4.8.3, 4.8.4 and 4.8.5], H0 is isomorphic to one of the following groups:
(a) Sˆpn(q)· gcd(n/2, q − 1) with n = 2m > 4;
(b) SˆOǫn(q) with q odd, and n = 2m+ 1 > 3 if ǫ = ◦ and n = 2m > 4 if ǫ = ±;
(c) SˆUn(q0)· gcd(n, q0 − 1) with q = q20 and n > 3.
In these three cases, we apply Lemma 3.12, and as r is coprime to p, we conclude that r
is divisible by a parabolic index in H0.
(a) Here H0 is a symplectic group, with n = 2m > 4. Note by [32, Lemma 5] that the
index of a parabolic subgroup of Sˆpn(q) is
(qn − 1)(qn−2 − 1) · · · (qn−2i+2 − 1)
(qi − 1)(qi−1 − 1) · · · (q − 1) , (4.9)
where i 6 n/2. If n = 4, then by (4.1), we have v = q2(q3−1)/ gcd(2, q−1). Also by (4.9)
and Lemma 3.12, we see that (q4− 1)/(q− 1) divides r, and so r is divisible by q2+1, but
gcd(v− 1, q2 +1) divides gcd(q2+1, q) or gcd(q2+1, q− 1). Hence gcd(v− 1, q2+1) 6 2,
which is a contradiction. If n = 6, then again by (4.1), v = q6(q5−1)(q3−1)/ gcd(3, q−1)
and from (4.9) and Lemma 3.12, q3 + 1 divides r. Now Lemma 3.7(a) implies that q3 + 1
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divides v−1, where v−1 = q14− q11− q9+ q6−1 or v−1 = (q14− q11− q9+ q6−3)/3. In
the former case, since gcd(v−1, q3+1) divides 2q2+1 and q3+1 divides v−1, we conclude
that q3 + 1 divides 2q2 + 1. This yields q3 6 2q2, whence q = 2, and so v = 26·7·31 and
r = 9, and hence r is too small to satisfy v < r2, which is a contradiction. In the latter
case where v − 1 = (q14 − q11 − q9 + q6 − 3)/3, by the same manner as the previous case,
we obtain no possible parameters. Thus n > 8. Here by [7, Lemma 4.2 and Corollary 4.3]
and (4.1), we have that v > q(n
2−n−6)/2. It follows from Lemmas 3.6 and 3.7(d) that r
divides the odd part of (qn−1)(qn−2−1), and certainly r divides (qn−1)(qn−2−1)/(q−1)2
as r is coprime to q − 1, and since (qn − 1)/(q − 1) < 2qn−2, we have that r < 4q2n−4.
Recall that v > q(n
2−n−6)/2. Then the inequality λv < r2 forces n2−9n−6 < 0, and since
n is even we get n = 8. Then again by (4.1), v = q12(q7− 1)(q5− 1)(q3− 1)/ gcd(4, q− 1).
Hence Lemma 3.7(c) implies that λq27/32 6 λv < r2 < 16q24. This yields λq3 < 29,
whence q 6 5. For these values of q, since r 6 gcd(v − 1, (q8 − 1)(q6 − 1)/(q − 1)2), it
follows that r is at most 9, 5, 1 or 3, respectively for q = 2, 3, 4 or 5. These cases can be
ruled out by Lemma 3.7(c).
(b) In this case, H0 is of orthogonal type with q is odd and v is even. By the fact that
gcd(r, v) = 1, we deduce that r is odd. If n = 4 and H0 is of type O
+
4 , then by (4.1),
v = q4(q3 − 1)(q2 + 1) > q9/2. It follows from Lemma 3.7(a) and (c) that r divides
a(q2−1)2, and since both q and r are odd, we conclude that r divides a(q2−1)2/16. Hence
r2 < q9/256 < q9/2 < v, which is a contradiction. In the remaining cases, Lemma 3.12
implies that r is divisible by a parabolic index in H, and so Lemma 3.5 yields r is even,
which is impossible.
(c) Here H0 is of unitary type, and by [7, Lemma 4.2 and Corollary 4.3] and (4.1), we have
v > qn
2−4
0 . If n > 4, then we apply Lemmas 3.6 and 3.7(d) and conclude that r divides
(qn0 − (−1)n)(qn−10 − (−1)n−1). (4.10)
Hence r < 2q2n−10 . It follows from Lemma 3.7(c) that q
n2−4
0 6 λv < r
2 < 4q4n−20 ,
and so qn
2−4n−2
0 < 4, that is to say, n
2 − 4n − 4 < 0, whence n = 4. Then by (4.1),
v = q60(q
4
0 + 1)(q
3
0 − 1)(q20 + 1)/ gcd(q0 − 1, 4). Again by (4.10), r divides (q40 − 1)(q30 + 1)
and by Lemma 3.7(a), r is coprime to (q20 + 1)(q0 − 1). From this, we see that r divides
(q30 + 1)(q0 + 1), and this yields λv > r
2, a contradiction. Therefore, n = 3 and v =
q30(q
3
0−1)(q20+1)/ gcd(q0−1, 3). Here the index of the parabolic subgroup of H is (q30+1),
so Lemma 3.12 implies that r is divisible by q20−q0+1. Since r divides v−1, q20−q0+1 must
divide q80+q
6
0−q50−q30−1, and this forces q0 = 2. Hence v = 280 and r 6 gcd(v−1, |H|) = 9,
again contrary to λv < r2.
Let finally H be a S-subgroup. Then by [34, Theorem 4.2 and Corollary 4.3], and so
either |H| < q2n+4, or X and H0 are as in [34, Table 4]. In the former case, if |H| < q2n+4,
then Corollary 3.9 and [7, Corollary 4.3] imply that qn
2−2 < |G| < |H|3 < q6n+12, and
this yields n2 − 6n− 14 < 0, so n 6 7. Thus for n 6 7, the subgroups H are listed in [14,
Chapter 8]. Since |G| < |H|·|H|2p′ , we only need to consider the pairs (X,H0) listed in
Table 4. For each such H0, as before, the inequality λv < r
2 does not hold. In the latter
case, n is d(d−1)/2, 27, 16, or 11 and H0 is PSLd(q), E6(q), PΩ+10(q) or M24, respectively.
For the case n = d(d−1)/2 by [34, Theorem 4.1], |H| < q3n. As qn2−2 < |G| < |H|3 < q9n,
we have n 6 9, and so the inequality 3 6 d(d − 1)/2 6 9 implies that d = 3 or 4, and so
n = 3 or 6, respectively, but this gives no possible parameters. The remaining cases also
can be ruled out by Corollary 3.9.
(2) Let H be a C2-subgroup of type GLm(q) ≀ St with m = 1 or t = 2, 3, where m = n/t.
Then by [27, Proposition 4.2.9], we have that H0 ∼= SˆLm(q)t·(q − 1)t−1·St with n = mt.
It follows from (4.1) and Lemma 3.14 that v > qn(n−m)/(t!). If m = 1, then n = t
and by Lemmas 3.6 and 3.7(d), r divides 2n(n − 1)(q − 1). Lemma 3.7(c) implies that
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qn(n−1)/(n!) 6 λv < r2 6 4n2(n − 1)2(q − 1)2, and so qn(n−1)/(n!) < 4n2(n − 1)2(q − 1)2.
This inequality holds only for (n, q) ∈ {(3, 2), (3, 3), (3, 4), (4, 2)}, and considering the fact
that (n, q) 6= (3, 2) and (4, 2), we have (n, q) = (3, 3) or (3, 4). Note that the latter case
can be ruled out, as v is not integer. For the first case, we obtain v = 234, and this is
impossible since r divides gcd(v − 1, 2n(n − 1)(q − 1)) = gcd(233, 24) = 1. If m > 1,
then again by Lemma 3.6, the parameter r divides t(t − 1)(qm − 1)2/(q − 1), and so
r < 2q2m−1t2. It follows from Lemma 3.7(c) that qn(n−m)/(t!) 6 λv < r2 < 4q4m−2t4, and
so qn(n−m)−4m+2 < 4t4(t!) for t = 2, 3 and n = mt. This inequality is true for n = 4 and
q ∈ {2, 3, 4, 5, 7, 8, 9, 11}, but for these cases, we cannot find any possible parameters by
Lemma 3.7.
(3) Let H be a C3-subgroup of type GLm(qt) withm = 1 or t = 2, 3, wherem = n/t. Then
by [27, Proposition 4.3.6], we have that H0 ∼= SˆLm(qt)·(qt − 1)(q − 1)−1·t with n = mt.
We apply Corollary 3.10, and conclude that |X| < |Out(X)|2·|H0|·|H0|2p′ , and since 2a 6 q
and gcd(n, q − 1) 6 q − 1, we also know that |Out(X)| 6 q(q − 1). By [7, Lemma 4.2 and
Corollary 4.3], we have that
qm
2t2−2 < t3qm
2t+3(1− q−2t)·
m∏
i=2
(qit − 1)2(qt − 1)2(q − 1)−2.
Then Lemma 3.14(b) implies that qmt(mt−2m−1)−3/(1− q−2t) < t3, and so
qmt(mt−2m−1)+2t−3 < t3(q2t − 1). (4.11)
Let first t = 3. Then (4.11) implies that qm
2−m−1 < 3, and so m ∈ {1, 2}. If
m = 2, then by (4.11), we must have q = 2, and so v = 1904640, and r divides
gcd(v − 1, |H|) = 1, which is a contradiction. Therefore m = 1, and hence n = 3. Thus
H0 ∼= (ˆq2 + q + 1)·3 < PSL3(q) = X. In this case, v = q3(q2 − 1)(q − 1)/3 is even, and so
by Lemma 3.7(a), r is odd. By the fact that r divides both v− 1 and |H|, we deduce that
r divides 3a(q2 + q + 1). It follows from Lemma 3.7(c) that q3(q2 − 1)(q − 1)/3 6 λv <
r2 6 9a2(q2 + q + 1)2, and so q3(q2 − 1)(q − 1) < 27a2(q2 + q + 1)2. This inequality holds
only for q ∈ {3, 4, 5, 8, 9, 16} as (n, q) 6= (3, 2). For each such values of q, we obtain v and
an upper bound ur = gcd(v − 1, |H|) of r as below
(v, ur, q) ∈ {(144, 13, 3), (960, 7, 4), (4000, 93, 5), (75264, 73, 8), (155520, 91, 9)
(5222400, 91, 16)}.
Hence, we observe that the condition v < r2 does not hold except for q = 3, 5. In these
two cases, we apply Lemma 3.7(a)-(d) and conclude that r = 13 and λ = 1 if q = 3, and
r = 93 and λ = 1, 2 if q = 5. Since λ > 2, we only consider the case where q = 5 and
λ = 2, but here there is no possible parameters satisfying Lemma 3.7(a) and (b).
Let now t = 2. Then n is even, and so H0 ∼= SˆLm(q2)·(q+1)·2. By (4.1), v > qn(n−m)/2
with m = n/2. Note by Lemma 3.2 that p divides v, and so Lemma 3.7(a) implies that r
is coprime to p. Suppose first that n > 8. It follows from Lemmas 3.6 and 3.7(d) that r <
q2n−2. Lemma 3.7(c) implies that qn
2/2/2 < v < r2 < q4n−4, and this yields qn
2−8n+8 < 4,
which is impossible. Let now n = 6. Then v = q9(q5 − 1)(q3 − 1)(q − 1)/2. As v is
even, we deduce that the parameter r must be odd. Lemmas 3.1 and 3.7(c) yield r divides
a(q+1)(q4−1)(q6−1). But since v is divisible by q−1 and q3−1, and since gcd(v−1, q+1)
divides 3, we conclude that r must divide 9a(q2 +1)(q3 +1). Thus the inequality λv < r2
yields q18/2 6 λv < r2 6 92a2(q2+1)2(q3+1)2, then q18 < 2 ·92a2(q2+1)2(q3+1)2, and so
q = 2. Then v = 55552, and so r 6 gcd(v−1, |H|) = 3, and this contradicts Lemma 3.7(c).
Hence n = 4. Then by (4.1), v = q4(q3 − 1)(q − 1)/2 is even. Since gcd(r, v) = 1, we have
r is odd and coprime to q − 1. Here |H0| = 2q2(q − 1)(q + 1)2(q2 + 1)/ gcd(4, q − 1). So
by Lemma 3.7(a) and (c) and the fact that gcd(v − 1, q + 1) = 1, we deduce that r is also
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coprime to q + 1. Thus r divides a(q2 + 1). Again, applying Lemma 3.7(c), we conclude
that q8/2 6 λv < r2 < q6/4, which is impossible.
(4) Let H be a C5-subgroup of type GLn(q0) with q = qt0 and t = 2, 3. Then by [27,
Proposition 4.5.3], we see that H0 ∼= SˆLn(q0)· gcd(n, (q − 1)/(q0 − 1)) with q = qt0 and
t = 2, 3.
Let first t = 3. We apply Corollary 3.10, Lemma 3.14(b), [7, Corollary 4.3] and the fact
that a2 6 2q, and by the same argument as in case (3), we deduce that qn
2−n−6
0 /(1−q−20 ) <
8n5, or equivalently,
qn
2−n−4
0 < 8n
5(q20 − 1). (4.12)
This inequality implies that n = 3, 4 or 5. If n = 5, then by (4.12), we must have
q0 = 2, and so v = 2
20·32·73·13·73·151, and r divides gcd(v − 1, |H|) = 1, which con-
tradicts Lemma 3.7(c). If n = 4, then again by (4.12), we have q0 = {2, 3, 4}. Thus
v = 212·32·72·13·73, 312·72·132·73·757 or 224·33·72·132·19·73·241, and r is at most 1, 20 or
1, respectively. But these cases can be ruled out by Lemma 3.7(c). If n = 3, then by
(4.1), we have that v = q60(q
6
0 + q
3
0 +1)(q
4
0 + q
2
0 +1). Note by Lemma 3.2 that r is coprime
to p. It follows from Lemmas 3.1 and 3.7(c) that r divides 2a(q20 − 1)(q30 − 1). Now by
Lemma 3.7(c), and the fact that q > 2a, we have q160 < v < r
2 < q120 , which is impossible.
Let now t = 2. If n = 3, then v = q30(q
3
0 + 1)(q
2
0 + 1)/ gcd(q0 + 1, 3). Since r is coprime
to p, we apply Lemma 3.12 to H0 and this together with (4.2) implies that r is divisible
by q20 + q0 + 1. Thus by Lemma 3.7(a), we conclude that q
2
0 + q0 + 1 must divide v − 1,
and so q20 + q0 + 1 divides 2q0 + gcd(q0 + 1, 3), and therefore q0 = 2. Thus v = 120. Also
the inequality q20 + q0 + 1 6 r 6 gcd(v − 1, |H|) yields r = 7, and so r is too small to
satisfy λv < r2. If n = 4, then v = q60(q
4
0 + 1)(q
3
0 + 1)(q
2
0 + 1)/ gcd(q0 + 1, 4) and again by
Lemma 3.12 and using (4.2), we see that q20 +1 divides r, but q
2
0 +1 also divides v, which
contradicts the fact that gcd(r, v) = 1. Therefore, n > 5. Here by (4.1) and [7, Corollary
4.3], we have that v > qn
2−2
0 . It follows from Lemmas 3.6 and 3.7(c) that r < q
2n−1
0 , and
so v > r2, which is a contradiction. 
Proposition 4.3. Let D be a nontrivial 2-design with gcd(r, λ) = 1. Suppose that G is
an automorphism group of D of almost simple type with socle X. If G is flag-transitive,
then the socle X cannot be PSp2m(q) with m > 2 and (m, q) 6= (2, 2).
Proof. Let H0 = H ∩ X, where H = Gα for some point α of D. Since H is maximal in
G, by Aschbacher’s Theorem [8], H ∈ Ci ∪ S (1 6 i 6 8). By Corollary 3.10, we have
that |G| < |H|·|H|2p′ except for parabolic subgroups, and by the same argument as in the
proof of Proposition 4.2 and using Lemma 3.13 and [7, Theorem 7 and Proposition 4.22],
we have one of the following possibilities for the subgroup H:
(1) H ∈ C1 ∪ C6 ∪ C8 ∪ S;
(2) H is a C2-subgroup of type Sp2m/t(q) ≀ St with t ∈ {2, 3, 4, 5};
(3) H is a C2-subgroup of type GLm(q);
(4) H is a C3-subgroup of type Sp2m/t(qt) with t = 2, 3 or GUm(q);
(5) H is a C5-subgroup of type Sp2m(q0) with q = q20.
We now discuss each of these possible cases separately.
(1) Let H be in C1. Then H is reducible, and it is either parabolic, or stabilizer of a
nonsingular subspace.
Suppose first that H = Pi, the stabilizer of a totally singular i-subspace of V , with
i 6 m. Then by [32, Lemma 5], we have that
v =
(q2m − 1)(q2m−2 − 1) · · · (q2m−2i+2 − 1)
(qi − 1)(qi−1 − 1) · · · (q − 1) .
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Thus v ≡ q + 1 (mod pq) and q is the highest power of p dividing v − 1. By Lemma 3.3,
there is a subdegree which is a power of p, and Lemma 3.7(d) implies that r divides q.
Since m > 2, we have that q2 + q + 1 6 v and so q2 + q + 1 6 v < r2 6 q2, which is a
contradiction.
Suppose now that H = N2i, the stabilizer of a nonsingular 2i-subspace U of V , with
2i < m. Then by [27, Proposition 4.1.3], we have that H0∼= Sˆp2i(q)×Sp2(m−i)(q). It
follows from [7, Lemma 4.2 and Corollary 4.3] and (4.1) that v > q4i(m−i). By Lemma 3.2,
p divides v, so gcd(p, v − 1) = 1. Thus, according to Lemma 3.7(a), the parameter r is
coprime to p. Here by [44, p. 327], there is a H-orbit with the p′-part of its length dividing
(q2i − 1)(q2m−2i − 1)/(q2 − 1)2 which is divisible by r. Therefore, r < 4q2m−4. We now
apply Lemma 3.7(c) and conclude that q4i(m−i) < v < r2 < 16q4m−8. Since q > 2, it
follows that 4i(m− i) < 4m− 4, and since m > 2i, we have that i2 − 2i+ 1 < 0, which is
impossible.
Let H be a C6-subgroup. Then by [27, Proposition 4.6.9] and the inequality |G| < |H|3,
we need only to consider the pairs (X,H0) listed in Table 6. For each such H0, by (4.1),
we obtain v as in the fourth column of Table 6. Moreover, Lemma 3.7(a)-(c) implies that
r divides gcd(|H|, v− 1), and so we can find an upper bound ur of r as in the fifth column
of Table 6. Then the inequality λv < r2 rules out all these possibilities.
Let nowH be a C8-subgroup. Then by [27, Proposition 4.8.6], we have thatH0 ∼= Oǫ2m(q)
with q even. In this case from (4.1), v = qm(qm + ǫ)/2. It follows from Lemmas 3.6
and 3.7(d) that the parameter r divides (qm − ǫ) · gcd(q − 2, qm−1 + ǫ), and hence Lemma
3.12 implies that r is divisible by the index of a parabolic subgroup in Oǫ2m(q) and it is
clearly impossible.
Let finallyH be a S-subgroup. Ifm 6 6, then the subgroupsH are listed in [14, Chapter
8]. Since |G| < |H|·|H|2p′ , we only have to consider the pairs (X,H0) listed in Table 6. For
each such H0 except for
2B2(q) and G2(q), we have λv > r
2, which is a contradiction. For
the remaining two cases, we note that r is coprime to p by Lemma 3.2. If H0 ∼= 2B2(q),
then v = q2(q2 − 1)(q + 1). Note that the index of the parabolic subgroup in 2B2(q) is
q2 + 1, and so Lemma 3.12 implies that r is divisible by q2 + 1. On the other hand, r
divides v− 1. Therefore, q2 +1 must divide v− 1, and so q = 2, which is a contradiction.
If H0 ∼= G2(q), then v = q3(q4 − 1). Since gcd(r, v) = 1, r is coprime to q + 1. On the
other hand, by Lemma 3.12, (q6−1)/(q−1) divides r, which is a contradiction. Therefore,
m > 6, and then [34, Theorem 4.2] implies that |H| < q4m+4, H ′ = A2m+1 or A2m+2,
or (X,H0) is (PSp56(q),E7(q)) with q odd. If H0
∼= E7(q), then clearly v > r2, which
is a contradiction. If the former case holds, then by Corollary 3.9 and [7, Corollary 4.3],
we have that qm(2m+1)/4 < |G| < |H|3 < q12(m+1), and so qm(2m+1) < 4q12(m+1). Thus
2m2 − 11m − 14 < 0, and this inequality has no solution for m > 6. If H ′ = A2m+1 or
A2m+2, then H = S2m+2 is contained in G = Sp2m(2) with m even. Thus the inequality
2m(2m+1)/4 < |G| < |H|3 6 [(2m + 2)!]3 yields m = 2, 4, 6, 8 or 10, and hence by the
bounds of v and r given in Table 6, r is too small to satisfy λv < r2.
(2) Let H be a C2-subgroup of type Sp2m/t(q) ≀ St with t ∈ {2, 3, 4, 5}. Then by [27,
Proposition 4.2.10], we have that H0 ∼= Sˆp2i(q) ≀ St, with it = m. By Lemmas 3.6
and 3.7(d), we conclude that r divides
t(t− 1)(q2i − 1)2
2(q − 1) . (4.13)
It follows from [7, Lemma 4.2 and Corollary 4.3] and (4.1) that v > q2i
2t(t−1)/(t!). Since
v < r2, we have that 4(q − 1)2q2i2t(t−1) < (t!)v < (t!)r2 < (t!)t2(t − 1)2(q2i − 1)4. So
q2i
2t(t−1)−8i+2 < (t!)t4, and then q2t(t−1)−6 < tt+4. This inequality holds only when
t ∈ {2, 3}.
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Table 6. Some maximal subgroups of X = PSp2m(q).
Class X H0 lv ur Conditions
C6 PSp4(3) 2
4.Ω−
4
(2) 33 2
C6 PSp4(5) 2
4.Ω−
4
(2) 3·53·13 2
C6 PSp4(7) 2
4.Ω−
4
(2) 22·3·5·74 1
25.Ω−
4
(2) 2·3·5·74 1
C6 PSp4(11) 2
4.Ω−
4
(2) 3·5·114·61 2
C6 PSp8(3) 2
6.Ω−
6
(2) 22·312·5·7·13·41 1
27.Ω−
6
(2) 2·312·5·7·13·41 1
S PSp4(q)
2B2(q) q2(q2 − 1)(q + 1) - q = 2a > 4
S PSp4(q) PSL2(q) q
3(q4 − 1) a q > 5
S PSp4(q) A6·c q
4(q2 − 1)(q4 − 1) 32·5 q = p > 5, c 6 2
S PSp6(q) G2(q) q
3(q4 − 1) - q even
S PSp6(5) J2 2
2·3·57·13·31 1
S PSp8(2) S10 2
8·3·17 5·7
S PSp12(2) S14 2
25·33·5·17·31 72
S PSp16(2) S18 2
48·32·5·17·31·43·127·257 1
S PSp20(2) S22 2
81·35·52·17·312·41·43·73·127·257 1
Let first t = 3. Then by (4.13), r < 6q4i−1. We apply Lemma 3.7 and deduce that
q12i
2−8i+2 < 63, and so q = 2 and i = 1. Therefore, X = PSp6(2) and v = 1120; but then
according to [17, p. 46] H is not maximal, which is a contradiction.
Let now t = 2. Then again by (4.13), r < 2q4i−1, so Lemma 3.7(c) implies that
q4i
2−8i+2 < 8. Thus i = 1, 2. If i = 2, then the last inequality yields q = 2, and hence
v = 45696. By (4.13) and Lemma 3.7(a) and (d), we have that r 6 gcd(45695, 255) = 5,
and this violates Lemma 3.7(c). Therefore, i = 1, X = PSp4(q) and v = q
2(q2 + 1)/2.
The subdegrees of X are shown in Table 2, and they are
(q2 − 1)(q + 1), q(q2 − 1)/2, and q(q2 − 1)(q − 3)/2 if q is odd , and
(q2 − 1)(q + 1), and q(q2 − 1)(q − 2)/2 if q is even.
By (4.13) and the fact that r divides each of these subdegrees, we conclude that r divides
(q2 − 1)(q + 1). Now by Lemma 3.7(a), r is a divisor of (v − 1), and so r is a divisor of
gcd((q2 − 1)(q + 1), (q2 − 1)(q2 + 2)/2) dividing 3(q2 − 1). Therefore, r = 3(q2 − 1)/s, for
some positive integer s. Since λ > 2 and since λv < r2, we have that r > (q2 − 1), and
hence s = 1, 2. Assume first that s = 1. Then r = 3(q2 − 1). If k = r, then k = 3(q2 − 1),
and so the condition k(k− 1) = λ(v− 1) implies that λ = 6(3q2− 4)/(q2+2). Thus q2+2
divides 6(3q2 − 4) = 18(q2 + 2)− 60 implying that q2 + 2 must divide 60. This is true for
q = 2 in which case we obtain the trivial design with parameters (10, 9, 8). If r > k, then
k = 1 + λ(q2 + 2)/6 and b = vr/k = 3q2(q4 − 1)/2k. Now by Lemma 3.7(c), we have that
λ(
q2(q2 + 1)
2
) < 9(q2 − 1)2,
and so λ < 18(q2 − 1)2/q2(q2 + 1) < 18. It follows that λ = 2, . . . , 17. Then by calcu-
lation, we obtain the parameters set (v, b, r, k, λ) is (45, 90, 24, 12, 6), (136, 612, 45, 10, 3),
(325, 2340, 72, 10, 2), (1225, 9800, 144, 18, 2), (1225, 5040, 144, 35, 4) or (2080, 8736, 189, 45, 4)
when q is 3, 4, 5, 7, 7 or 8, respectively. Since r has to be coprime to λ, all these cases
can be ruled out except for (2080, 8736, 189, 45, 4) when q = 8. In this case, X = PSp4(8),
and so H is isomorphic to PSL2(8)
2:2 or PSL2(8)
2:6, but using GAP [22], neither of these
subgroups has a subgroup of index 189, which is a contradiction. Assume now that s = 2.
Then r = 3/2(q2 − 1) and again by Lemma 3.7(c), we have that
λ(
q2(q2 + 1)
2
) <
9
4
(q2 − 1)2.
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This yields λ < 9(q2 − 1)2/2q2(q2 + 1) < 9/2. Hence λ = 2, 3, 4. Thus we only obtain a
symmetric (45, 12, 3) design for q = 3, but here gcd(r, λ) = 3, which is a contradiction.
(3) Let H be a C2-subgroup of type GLm(q). Then by [27, Proposition 4.2.5], we have
that H0 ∼= GˆLm(q)·2 and q is odd. Here by (4.1), we have that
v = qm(m+1)/2(qm + 1)(qm−1 + 1) · · · (q + 1)/2 > qm(m+1)/2.
Note that r is coprime to p. We observe by [44, p. 327] that there is a H-orbit with
the p′-part of its length dividing 2(qm − 1), and so Lemma 3.7(d) implies that r divides
2(qm − 1). By Lemma 3.7(c), we must have qm(m+1) < 2v < 2r2 < 8(qm − 1)2. Therefore,
qm
2−m < 8, which is impossible as m > 2 and q is odd.
(4) Let H be a C3-subgroup of type Spm(q2), Sp2m/3(q3) or GUm(q). Then by [27,
Proposition 4.3.7 and 4.3.10], H0 is isomorphic to one of the following subgroups:
(a) GˆUm(q)·2 with q odd;
(b) PSp2i(q
t)·t with m = it and t = 2, 3.
Assume first that H0 ∼= GˆUm(q)·2 with q odd. Note that v is even. Then by
Lemma 3.7(a), r must be odd. Also Lemma 3.2 says that r is coprime to p. Then by
Lemma 3.12, the stabiliser of a block under H0 is contained in a parabolic subgroup of
GUm(q), and so Lemma 3.5 implies that r is even. But here v − 1 is odd, which is a
contradiction.
Assume now that H0 ∼= PSp2i(qt)·t with m = it and t = 2, 3. By [7, Lemma 4.2]
and (4.1), we have that v > q2i
2t(t−1)/4t, where t = 2, 3. Applying Corollary 3.10 and
[7, Lemma 4.2], and since a2 6 2q, we have that |Out(X)|2 6 8q. Thus the inequality
|X| < |Out(X)|2·|H0|·|H0|2p′ yields
1
4
q2i
2t2+it < 8t3 · q2i2t+it+1 ·
i∏
j=1
(q2tj − 1)2.
If t = 3, then Lemma 3.14(a) implies that q6i(i−1)−1 < 864. This inequality holds only for
i = 1. So X = PSp6(q) and H0 = PSp2(q
3)·3 . By (4.1), we have that v = q6(q4− 1)(q2−
1)/3. Since q + 1 divides v, it follows from Lemma 3.7(a) that r is coprime to q + 1. On
the other hand, applying Lemma 3.12 to PSp2(q
3), we deduce that r is divisible by the
index of a parabolic subgroup in PSp2(q
3). Thus q3+1 divides r, which is a contradiction.
If t = 2, then v > q4i
2
/8. By Lemmas 3.6 and 3.7(d), r divides a(q4i−1). It follows from
Lemma 3.7(c) and a2 6 2q that q4i
2
/8 < v < r2 < 2q8i+1, that is to say, 4i2 − 8i− 5 < 0.
Thus i 6 2. Moreover, if i = 2, then v = q8(q6−1)(q2−1)/2 and r divides a(q8−1). Note
by Lemma 3.7(a) that r is coprime to v, and since q2 − 1 divides v, we conclude that r
divides a(q4 + 1)(q2 + 1). Thus r < q7, and Lemma 3.7(c) forces λq16/8 < λv < r2 < q14,
and so λq2 < 8, but this inequality dose not hold for λ > 2.
Therefore, i = 1. Thus H0 = PSp2(q
2)·2 and X = PSp4(q). Lemmas 3.6 and 3.7(d)
imply that r is a divisor of q2 + 1. From this and the fact that v = q2(q2 − 1)/2 < r2, we
deduce that s2q2(q2 − 1) < 2(q2 + 1)2, where rs = q2 + 1, for some positive integer s, but
this is true only when s = 1. Hence r = q2 + 1 and q is even. If k = r = q2 + 1, then the
equality k(k − 1) = λ(v − 1) implies that λ = 2q2/(q2 − 2). But since gcd(q2, q2 − 2) = 1
or 2, the parameter λ has an integer value only when q = 2 in which case D is a trivial
design with parameters (6, 5, 4). If r > k, then we apply Lemma 3.7(a) and conclude that
k = 1 + λ(q2 − 2)/2, and since k < r, we must have λ(q2 − 2) < 2q2. By excluding the
case where X = PSp4(2)
′ ∼= A6, this inequality implies that λ = 1, 2, and by [44], we
can assume that λ = 2. In this case, by Lemma 3.7(a)-(b), we have that k = q2 − 1 and
b = q2(q2 + 1)/2. Now by Lemma 3.8, the design D can be embedded into a symmetric
design with parameters ((q4 + q2 +2)/2, q2 +1, 2) of order q2− 1 with q = 2a. But such a
biplane does not exist for a > 4 by [9, Section 2]. If a is 2 or 3, then the biplane has 137
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or 2081 number of points, respectively, and so by [13], we cannot find any biplanes with
these number of points.
(5) Let H be a C5-subgroup of type Sp2m(q0) with q = q20. In this case, by [27, Proposition
4.5.4], we have that H0 ∼= PSp2m(q0)·c with q = q20 and c 6 2, (with c = 2 if and only
if q is odd). By (4.1), we observe that v > q
m(2m+1)
0 /2. It follows from [44, p. 329] that
there is a subdegree of X with the p′-part dividing q2m0 − 1, and so r divides a(q2m0 − 1).
Applying Lemma 3.7(c), we conclude that q
m(2m+1)
0 < 2v < 2a
2(q2m0 − 1)2, and hence
q
m(2m+1)
0 < 2a
2(q2m0 −1)2. Thus q2m
2−3m
0 < 2a
2. This inequality holds only for m = 2 and
q0 = 2, 4, 8, and so v is 1360, 1118464 or 1090785280, respectively. Therefore, r divides 9,
and hence r is too small satisfying λv < r2, which is a contradiction. 
Proposition 4.4. Let D be a nontrivial 2-design with gcd(r, λ) = 1. Suppose that G is
an automorphism group of D of almost simple type with socle X. If G is flag-transitive,
then the socle X cannot be PΩǫn(q) with ǫ ∈ {◦,−,+}.
Proof. Let H0 = H ∩X, where H = Gα for some point α of D. Since H is maximal in G,
by Aschbacher’s Theorem [8], H ∈ Ci ∪ S (1 6 i 6 7). By the same argument as in the
proof of Proposition 4.2 and using Lemma 3.13 and [7, Theorem 7 and Proposition 4.23],
we have one of the following possibilities for H:
(1) H ∈ C1 ∪ C6 ∪ S;
(2) H is a C2-subgroup of type Oǫ′n/t(q) ≀ St and one of the following holds:
(a) t = 2;
(b) (n, t, q, ǫ, ǫ′) = (12, 3, 2,−,−), (10, 5, 2,−,−) or (8, 4, 2,+,−);
(c) n = t;
(3) H is a C2-subgroup of type GLn/2(q);
(4) H is a C2-subgroup of type GOǫ′2 (q) ≀ Sn/2 with ǫ = (ǫ′)n/2;
(5) H is a C3-subgroup of type Oǫ′n/t(q2) or GUn/2(q);
(6) H is a C4-subgroup of type Spn/2(q)⊗ Sp2(q) and (n, ǫ) ∈ {(12,+), (8,+)};
(7) H is a C5-subgroup of type Oǫ′n (q0) with q = q20.
We analyse each of these possible cases separately and arrive at a contradiction in each
case. Note that we postpone the case where (m, ǫ) = (4,+) and G contains a triality
automorphism until the end of the proof.
(1) Let H be in C1. Then H stabilises a totally singular i-subspace with 2i 6 n or a
nonsingular subspace.
Assume first that H stabilises a totally singular i-subspace. If n is odd, we argue exactly
the same as in the symplectic case in Proposition 4.3 and obtain no possible parameters.
Let now n = 2m be even, and suppose that i < m. Then H = Pi unless i = m − 1 and
ǫ = +, in this case, H = Pm,m−1. Note by Lemma 3.3 that there is a subdegree which is
a power of p except for the case where ǫ = +, n/2 is odd and H = Pm or H = Pm−1. On
the other hand, the highest power (v − 1)p of p dividing v − 1 divides q2 or 8, so r is too
small to satisfy λv < r2.
Assume now that H = Pm when X = PΩ
+
2m(q). Note here that Pm and Pm−1 are
the stabilisers of totally singular m-spaces from the two different X-orbits. If m is even
and m > 4, we conclude by Lemma 3.3 that G has a subdegree of power of p. This case
again can be ruled out as (v − 1)p = q and r is too small to satisfy λv < r2. This leaves
the case where m > 5 is odd. Then by [27, Proposition 4.1.20] and (4.1), we have that
v = (qm−1 + 1)(qm−2 + 1) · · · (q + 1), and so v > qm(m−1)/2. In this case, by [44, p. 332],
there is a subdegree of G with the p′-part dividing qm − 1. We note that (v − 1)p = q.
Thus by Lemma 3.7(d), we deduce that r 6 q(qm − 1), and so Lemma 3.7(c) implies that
qm(m−1)/2 < v < r2 6 q2(qm − 1)2 < q2m+2. This inequality yields qm2−m < q4m+4, that
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is to say, m2 − 5m− 4 < 0, and so m = 5. We now apply Lemma 3.6 and conclude that r
divides q(q5−1)/(q−1). Thus r = q(q5−1)/s(q−1), for some positive integer s. We then
observe that the inequality λq10 6 λv < r2 6 q2(q5−1)2/s2(q−1)2 yields λs2q10(q−1)2 <
q2(q5 − 1)2, and this holds only for s = 1 and λ ∈ {2, 3}, and so r = q(q5 − 1)/(q − 1).
Then by Lemma 3.7, we have that (r, λ, q) ∈ {(62, 2, 2), (363, 2, 3), (62, 3, 2)}, but none of
these cases give rise to any possible parameters.
Assume finally that H is the stabiliser of a nonsingular i-subspace, that is to say,
H = N δi with i 6 m. Let n = 2m + 1, q odd and ǫ = ◦. If i = 1, then by (4.1),
v = qm(qm+δ)/2. We apply Lemmas 3.6 and 3.7(d) and conclude that r 6 (qm−δ)/2. So
Lemma 3.7(c) implies that 2qm(qm + δ) < (qm − δ)2, which is impossible. Thus i > 2. By
[27, Proposition 4.1.6] and (4.1), we have that v > qi(n−i)/4, and by [44, p. 331], r 6 2aqm.
It follows from Lemma 3.7(c) that q4m−2/4 6 qi(2m+1−i)/4 < v < r2 6 4a2q2m, and so
q2m−2 < 16a2, which is impossible as m > 3. Let now n = 2m and ǫ = ±. If H = Ni
with i = 1, then v = qm−1(qm − ǫ)/ gcd(2, q − 1), and by Lemma 3.6, we conclude that
r 6 (qm−1+1)/ gcd(2, q− 1). So Lemma 3.7(c) implies that qm−1(qm− ǫ) < 2(qm−1+1)2
if q is odd, and qm−1(qm − ǫ) < (qm−1 + 1)2 if q is even, but both cases are impossible.
Hence H = N δi , with 1 < i 6 m. Note that δ = ± present only if i is even. Also
v > qi(n−i)/4. If q is odd, then by [44, p. 333], r < 4aqm. Here by Lemma 3.7(c),
we have that q2m−4 < 64a2, which is impossible for m > 4. Thus q is even, and hence
i is also even. Assume first that i = 2. It follows from Lemmas 3.6 and 3.7(d) that
r divides a2′(q − δ)(qm−1 − ǫδ), and so r < 4a2′qm. Thus Lemma 3.7(c) implies that
q4m−4/4 < v < r2 < 16a2q2m, whence q2m−4 < 64a2. This inequality holds only for m = 4
and q = 2. In this case, r 6 a2′(q + 1)(q
3 + 1), and so 210 = q12/4 < v < r2 6 272, which
is impossible. Assume finally that 2 < i 6 m. Again by Lemmas 3.6 and 3.7(d), r divides
a2′(q
i/2−δ)(q(i−2)/2+δ)(q(n−i)/2+δ′)(q(n−i−2)/2+δ′) with δ′ = −ǫδ, and so r < 8a2′q2(m−1).
If a is even, then Lemma 3.7(c) implies that q8m−16/4 6 qi(2m−i)/4 < v < r2 < 16a2q4m−4,
and so q4m−12 < 64a2. If a is odd, then by the same argument, q4m−12 < 256a2. Both
inequalities holds only form = 4 and q = 2. This forces i = 4, and so r 6 a2′(q+1)
2(q4−1)
implies that 214 < v < r2 6 32·152, which is impossible.
Let now H be a C6-subgroup. Then by [27, Proposition 4.6.8] and the inequality |G| <
|H|3, we only need to consider the case where (X,H0) = (PΩ+8 (3), 26·A8) and this case
can be ruled out as 310·5·13 = v < r2 6 26·72.
Let finally H be a S-subgroup. Then for n 6 12, the subgroups H are listed in [14,
Chapter 8]. Since |G| < |H|·|H|2p′ , we only need to consider the pairs (X,H0) listed
in Table 7. If H0 = G2(q) with q odd, then v = q
3(q4 − 1)/2. Since gcd(r, v) = 1,
r is odd. Then we apply Lemma 3.12 to G2(q) and by [29, Theorem A], we deduce
that (q6 − 1)/(q − 1) divides r, which is a contradiction. For the case where (X,H0) =
(PΩ+8 (q),Ω7(q)), according to [44, p. 335], r 6 (q
3 + 1)/2, and so v > r2, which is a
contradiction. For all other cases, we use the fact that r divides gcd(|H|, v − 1) which
similarly forces λv > r2, which is a contradiction. Hence n > 13. Then [34, Theorem 4.2]
implies that (i) |H| < q2n+4, (ii) H ′ = An+1 or An+2, or (iii) X and H0 are as in
[34, Table 4]. If (i) holds, then by Corollary 3.10 and [7, Corollary 4.3], we have that
qn(n−1)/2/8 < |G| < |H|3 < q6n+12, and this yields, qn2−13n−24 < 64, that is to say,
n2 − 13n − 30 < 0, whence n = 13, 14. If n = 13, then |H| < q2n+4 = q30, and so
q78/4 < |G| < q30|H|2p′ , and this yields |H|p′ > q24/2. By the same method as [34, 35]
we have no possible choices for H. If n = 14, then |H| < q2n+4 = q32, and so it follows
from Corollary 3.10 and [7, Corollary 4.3] that q91/8 < |G| < |H|·|H|2p′ < q32·|Hp′ |2,
and hence (2
√
2)−1q29 < |H|p′ . This case also can be ruled out by the same argument
as in [35, Sections 2, 3 and 5]. If (ii) or (iii) holds, the fact that |G| < |H|3 implies
that (X,H0) is (Ω
+
14(2),A16), (Ω
+
16(2),A17), (Ω
−
18(2),A20), (Ω
−
20(2),A21), (Ω
+
22(2),A24) or
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Table 7. Some maximal subgroups of X = PΩǫn(q).
Class X H0 lv ur Conditions
C2 PΩ7(3) 26·A7 37·13 2·5
C2 PΩ7(5) 26·A7 32·58·13·31 2
C2 PΩ9(3) 28·A9 312·5·13·41 23
C2 PΩ11(3) 210·A11 321·11·13·41·61 24·7
C2 PΩ
+
8
(3) 26·A8 310·5·13 23·7
C2 PΩ
−
10
(3) 28·A10 316·13·41·61 26
C2 PΩ
+
8
(2) Ω−
2
(2)4·26·3 26·52·7 3
C2 PΩ
+
8
(2) Ω+
2
(2)4·26·3 26·34·52·7 1
C2 PΩ
+
8
(3) Ω±
2
(3)4·29·3 23·311·52·7·13 1
C2 PΩ
−
10
(2) Ω−
2
(2)5·27·3·5 213·5·7·11·17 3
C2 PΩ
+
10
(2) Ω+
2
(2)5·27·3·5 213·34·5·7·17·31 1
C2 PΩ
−
12
(2) Ω−
4
(2)3·23·3 221·32·7·11·13·17·31 5
S PΩ7(q) G2(q) q3(q4 − 1)/2 - q odd
S PΩ7(3) PSp6(2) 3
5·13 2
S PΩ7(3) S9 22·35·13 5·7
S PΩ7(5) PSp6(2) 5
8·13·31 2·3
S PΩ+
8
(q) Ω7(q) q3(q4 − 1)/2 (q3 + 1)/2 q odd
S PΩ+
8
(2) A9 26·3·5 7
S PΩ+
8
(3) Ω+
8
(2) 37·13 2·5
S PΩ+
8
(5) Ω+
8
(2) 510·132·31 2·3
S PΩ+
8
(7) Ω+
8
(2) 24·52·711·19·43 3
S PΩ−
10
(2) A12 211·3·17 7
S PΩ+
10
(3) A12 26·315·11·13·41 1
S PΩ−
12
(2) A13 221·3·5·17·31 1
S PΩ+
14
(2) A16 228·32·17·31·127 3·5
S PΩ+
16
(2) A17 242·34·5·17·31·43·127 1
S PΩ−
18
(2) A20 255·35·17·31·43·127·257 5·13
S PΩ−
20
(2) A21 273·34·52·17·31·41·43·73·127·257 13
S PΩ+
22
(2) A24 289·34·52·17·312·41·43·73·89·127·257 1
S PΩ+
8
(q) PSp6(q) q
3(q4 − 1) - q even
(PΩ+8 (q),PSp6(q)) but all these cases can easily be excluded. Note that in the latter case,
by Lemma 3.12, q + 1 divides both v and r, which is a contradiction by the fact that
gcd(r, v) = 1.
(2) Let H be a C2-subgroup of type Oǫ′m(q) ≀ St with m = n/t.
(a) Here t = 2, and so by [27, Propositions 4.2.11 and 4.2.14], the pair (X,H0) has to be
(PΩ+2m(q),Ω
ǫ′
m(q)
2·2c) with ǫ′ = ± and c = 2, 3, or (PΩ±2m(q),Ωm(q)2·4) with mq odd. In
the former case, let first m = 4. If ǫ′ = +, then |H0| = 2cq4(q2 − 1)4/ gcd(4, q4 − 1) with
c = 2, 3, and so v > q8(q2+1)2(q4+q2+1)/8 > q16/8. Lemmas 3.1 and 3.7(c) imply that r
divides 6a gcd(4, q4−1) · |H0|. But gcd(v−1, q2−1) 6 2 and 4 dose not divide v−1. Then
r divides 6a2′ . By Lemma 3.7(c) and the fact that a
2 6 2q, we have that q15 < 576, which
is impossible. If ǫ′ = −, then |H0| = 2cq4(q2+1)2(q2−1)2/ gcd(4, q4−1) with c = 2, 3, and
v > q8(q6− 1)(q2− 1)/8 > q16/32 and v is even and is divisible by q2− 1. So r is a divisor
of the odd part of 3a(q2 + 1)2. Here by Lemma 3.7(c), q8 < 27·32a2, whence q = 2. But
then r 6 75, and so 6048 6 v < r2 6 752 = 5625, which is impossible. Therefore, m > 5,
but this case can be ruled out by the same argument as in the case where H = N δi , that is
to say, part (1) on page 20. In the latter case where (X,H0) = (PΩ
±
2m(q),Ωm(q)
2·4) with
mq odd, by (4.1), v > qm
2−5, and by [44, p. 33], r < 4aqm, and this violates the fact that
λv < r2.
(b) The possibilities for (X,H0) in this case are listed in Table 7, and for each such H0,
by (4.1), and the fact that r divides gcd(|H|, v − 1), we obtain lv and ur as in the same
table, but then for each possibilities, λv < r2 does not hold, which is a contradiction.
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(c) In this case, by [27, Proposition 4.2.15], and since |G| < |H|·|H|2p′ , the only possibili-
ties are shown in Table 7. Here H0 = 2
n−1An or 2
n−2An, respectively for n is odd or even
as in Table 7, and these cases can also be ruled out as r2 < v.
(3) Let H be a C2-subgroup of type GLm(q), where m = n/2. Thus by [27, Proposition
4.2.7], ǫ = + and H0 ∼= SˆLm(q)·(q−1)· gcd(m, 2)/ gcd(q−1, 2). So by (4.1), we obtain v >
qm(m−1)/2. Assume first thatm = 4. Then by [44, p. 333], r < 4aq4 if q is odd and r 6 aq4
if q is even. In both cases, r2 < v, which is a contradiction. Assume now thatm > 5. Then
Lemmas 3.6 and 3.7(d) imply that r divides the odd part of a(qm − 1)(qm−1 − 1)/(q + 1)
as gcd(r, v) = 1. Thus Lemma 3.7(d) yields qm(m−1)/2 < v < r2 < a2q4m−2, and so
qm
2−5m+2 < 2a2, which is impossible.
(4)Here, by [44, p. 333], if q > 3, thenG has a subdegree dividing n(n−2)(q+1)2|Out(X)|,
and so the inequality v < r2 implies that (n, t, q, ǫ, ǫ′) = (8, 4, 3,+,±). If q = 2, we have
a subdegree dividing n(n − 2)(n − 4)(q + 1)3|Out(X)|, by the same argument, we obtain
(n, t, q, ǫ, ǫ′) = (10, 5, 2,+,+) or (8, 4, 2,+,+). For these cases, we find lv and ur as in
Table 7, but λv < r2 does not hold, which is a contradiction.
(5) Let H be a C3-subgroup of type Oǫ′m(q2) or GUm(q) with m = n/2. Then by [27,
Propositions 4.3.14-4.3.18 and 4.3.20], one of the following holds:
(a) H ∼= NG(Ωǫ′m(q2)) with ǫ′ = ± if m is even and empty otherwise;
(b) H ∼= NG(ˆGUm(q)) with ǫ = (−1)m.
Assume first that H ∼= NG(Ωǫ′m(q2)) with ǫ′ = ± if m is even and empty otherwise.
If q is odd, then we apply Lemma 3.12 to H and conclude that an index of a parabolic
subgroup of H divides r, and it follows from Lemma 3.5 that r is even, but we know
that v is even and this contradicts the fact that r divides v − 1. Hence, q is even and
therefore m is also even. Then [27, Propositions 4.3.14 and 4.3.16] and (4.1) imply that
v = q
1
2
m2(q2m−2−1)(q2m−6−1) · · · (q2−1)/2c with c = 1, 2. Note that v is even and r is odd.
Also by [7, Lemma 4.2 and Corollary 4.3], we have that v > qm
2−5/4. As r divides v − 1,
it is coprime to q2−1. Here |H0| = 2cqm(m/2−1)(qm− ǫ′)
∏m/2−1
i=1 (q
4i−1)/ gcd(4, qm/2− ǫ′)
with c = 1, 2, and so r 6 6aq(m
2−3m+2)/2. Thus Lemma 3.7(c) yields qm
2−5/4 < v < r2 6
36a2qm
2−3m+2, and so q3m−7 < 144a2. This inequality holds only for m = 4 and q = 2.
But then v > 12096 and r 6 48, and so v > r2, which is a contradiction.
Assume finally that H ∼= NG
(ˆ
GUm(q)
)
with ǫ = (−1)m. Then by (4.1), we have that
v > qm(m−1)/2. If q is odd, we argue as before. Let q be even. If m = 4, then by [44,
p. 334], r 6 a2′(q + 1)(q
3 + 1). But then we have that r2 < v, which is a contradiction.
Thus m > 5. Here by Lemmas 3.6 and 3.7(d), r divides a(qm− (−1)m))(qm−1− (−1)m−1),
and so r < 2aq2m−1. Therefore, by Lemma 3.7(c), we conclude that qm
2−5m+2 < 8a2,
and this inequality holds only for m = 5 and q ∈ {2, 4, 8}. But then q20/2 < v < r2 6
a22′(q
5 + 1)2(q4 − 1)2, and so q20 < 2a22′(q5 + 1)2(q4 − 1)2, which does not hold.
(6) Let H be a C4-subgroup of type Spn/2(q)⊗ Sp2(q) and (n, ǫ) ∈ {(12,+), (8,+)}. Then
(X,H0) is (PΩ
+
8 (q),PSp4(q)×PSp2(q)) or (PΩ+12(q),PSp6(q)×PSp2(q)). If X = PΩ+8 (q),
then v = q7(q6 − 1)(q2 + 1), and again by [44, p. 334], r < 4aq4. Thus by Lemma 3.7(c),
q15/2 < v < r2 < 16a2q8, and so q6 < 26, which is a contradiction. If X = PΩ+12(q), then
we apply Corollary 3.10, [7, Corollary 4.3] and Lemma 3.14, and since a2 6 2q, we deduce
that q66/8 < 27q53, and so q13 < 210, which is impossible.
(7) Let H be a C5-subgroup of type Oǫ′n (q0) with q = q20. If n is odd, then by [27,
Proposition 4.5.8], H0 = Ωn(q0)·2, and v is odd. As gcd(r, p) = 1, Lemmas 3.12 and
3.5 imply that r is even, which is a contradiction. If n is even, then by [27, Proposition
4.5.10], H0 = PΩ
ǫ′
n (q0)·2c with c 6 2 and n = 2m, and by (4.1), v > qm(2m−1)0 /4. We apply
Lemmas 3.6 and 3.7(d) and conclude that r < 16aq2m−10 for m > 5 and r < 48aq
2m−1
0 for
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m = 4. If m > 5, then by Lemma 3.7(c) and the fact that a2 6 2q = 2q20, we have that
q2m
2−5m
0 < 2
11, that is to say, 2m2 − 5m − 11 < 0, which is impossible. If m = 4, then
q140 < 2
10·32a2, and so q = q20 = 4. Thus H0 = Ω−8 (2). But then 226 < v and r 6 22·3·7·17,
which is a contradiction.
To complete the proof, we only need to discuss the case where X = PΩ+8 (q) and G
contains a triality automorphism when H0 is a parabolic subgroup, G2(q) or [2
9]·PSL3(2)
for q = 3. If H0 is a parabolic subgroup of X, then according to [44, p. 335], it is either P2
or P134. The first case was ruled out in (1). For the latter case, q
11 < v < r2 6 9q2, which
is impossible. This leaves only to consider the cases where H0 is G2(q) or [2
9]·PSL3(2) for
q = 3. In the former case, as q + 1 divides both r and v, which is a contradiction. In the
latter case, 311·52·13 = v < r2 6 22·72, which is impossible. 
4.1. Proof of Theorem 1.1. The proof follows from Propositions 4.1-4.4 and the main
results in [2, 5, 46, 47, 53, 54, 44]. More precisely, the 2-designs in Examples 2.2-2.6 arise
from studying 2-designs in [2, 6, 44] when the socle of G is a finite simple exceptional group,
and the 2-designs in Example 2.7 are obtained in [5, 46, 47, 53, 54]. For the remaining
possibilities of the socle X of G, by Propositions 4.1-4.4, we conclude that X = PSLn(q)
and H ∩ X ∼= [ˆqn−1]:SLn−1(q)·(q − 1) is a parabolic subgroup with n > 3 and D is a
2-design with v = (qn − 1)/(q − 1) and r dividing (qn − q)/(q − 1). 
4.2. Proof of Corollary 1.2. By Proposition 3.11, the group G is primitive of almost
simple or affine type. The latter case has been treated by Biliotti and Montinaro in [12]
and in conclusion G 6 AΓL1(q) is point-primitive and block-primitive with q an odd
prime power. In the case where, G is of almost simple type, we apply Theorem 1.1.
If X = PSLn(q), then by Propositions 4.1 and 4.3, D is a projective space PGn−1(q)
as in Example 2.1, and among other possible 2-designs in Theorem 1.1, as mentioned
in Section 2, the only remaining symmetric design is the unique Hadamard design with
parameters (11, 5, 2) as in line 6 of Table 1. Recall that the design in line 12 of Table 1 is
viewed as a projective space and is included in Example 2.1. 
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